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Preprint SISSA 71/95/FM

The “three-line” theorem
for the Vinogradov C-spectral sequence of the Yang—Mills
equations

Dmitri GESSLER

ABSTRACT. The Vinogradov C-spectral sequence for the Yang—
Mills equations is considered and the “three-line” theorem for the
term Fj of the C-spectral sequence is proved: EY? = 0if p > 0
and g <n — 2, where n is the dimension of spacetime.

1. INTRODUCTION

Homological methods play an important role in the study of sys-
tems of differential equations. The C-spectral sequence (variational
bicomplex) introduced by A. M. Vinogradov [l contains important
invariants of differential equations such as conservation laws, charac-
teristic classes of families of solutions, etc. It provides a means for
studying various aspects of Lagrangian formalism, the inverse problem
of calculus of variations. The term FE; of the C-spectral sequence is an
analog of the de Rham complex in the category of nonlinear partial
differential equations (for a very enlightening discussion see [I]).

General methods for calculating this important spectral sequence
are based on the Spencer type cohomology techniques. In [E3], the
“two-line” theorem estimating the term F; for determined systems
of differential equations is proved, a concrete method of calculating
for the term F;"" ', which is related to the theory of conservation
laws, is given, where n is the number of independent variables. Due to
this method, a complete description of the set of conservation laws is
possible for determined differential equations (see, for example, [I2]).
Further development of Vinogradov’s results is done in [l H], where
the Janet sequence for involutive differential equations is used and a
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general approach to calculation of the horizontal cohomology is pro-
posed. In [B], this approach is applied to the C-spectral sequence for
overdetermined equations and a method of calculating the C-spectral
sequence, generalizing Vinogradov’s one, is given. This method enables
one to reduce the problem of computing the term EP"~', p > 0, to the
problem of finding the kernel of some differential operator. The terms
H = E? ! also known as the horizontal de Rham cohomology, or the
characteristic cohomology, are studied for exterior differential systems
from a different point of view in [H].

Now it has been realized that many fundamental questions of the
local field theory can be reformulated as cohomological ones. In [&
d|, the analysis of the antifield-BRST method of quantization from
the homological point of view is done, in particular, the characteristic
(horizontal) cohomology for the Yang—Mills equations is considered and
it is proved that H* = E?’q = 01if ¢ < n—2, where n is the dimension of
the spacetime. In this paper, we extend the results of ] concerning the
characteristic cohomology for the Yang—Mills equations and prove the
“three-line” theorem, which is the first step in studying the C-spectral
sequence. The method used in this paper is the same as in [&, [B].

This paper is organized as follows. Section 2 is a summary of the
geometrical theory of nonlinear differential equations and the C-spectral
sequence. In Section 3, the formally exact resolution of the universal
linearization operator for the Yang—Mills equation is considered and
the “three-line” theorem is proved.

2. JET MANIFOLDS AND INFINITELY PROLONGED DIFFERENTIAL
EQUATIONS

In this section, we define the basic concepts of the geometrical theory
of differential equations and the theory of the C-spectral sequence ([,

A5 |.<])
2 ) ) .

2.1. Jets. Let M be a smooth manifold and 7: £ — M be a smooth
fiber bundle over M, dim M = n, dim E = m + n. Denote by I'(7) the

set of all (local) sections of 7.
Let 7.: J¥ — M be the bundle of k-jets for =,

JHm) = {[flz| f €T(m),z € M},

where [f]¥ denotes the k-jet of a local section f at x. Denote by J*(r)
the manifold of infinite jets for w. This manifold is the inverse limit
with respect to the following system of mappings

mas JE(m) = T (), m () =[5 k> 1,
T JHw) = M, m ([f]E) ==
By definition, one has the natural projections

Took: JO(T) = JH(7), Too: J®(m) — M.
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Let us choose a coordinate neighborhood U in M such that the
restriction of the bundle E to U is trivial. Let x,...,z, be local
coordinates in the neighborhood U and u!, ..., u™ be coordinates along
the fiber of 7 in #~!(U). Each local section f € I'(r) is of the form
f=@!(2,...,2),...,u™(x1,...,2,)). Define functions p? by

ololyd

) Ox('...0xon ’

T=x0

vy (11,

where o = (01, ...,0,), 0| =01+ 4+ 0,. Then the smooth functions
(x',pl),1<i<n,1<j<m,0<]o| <k, form local coordinates in
JF(m), 0 < k < oo.

Let Fi(m) denote the algebra C> (J*(r)). Then one has the system
of embeddings

Wzvli Fi(r) = Fi(m),l <k, m: C®(M)— Fi(m).

The direct limit F(7) with respect to the system {m;,} is called the
algebra of smooth functions on J*°(m). We identify Fy(7) and C*°(M)
with their images in F (),

F(r) = Fulm).

k>0

In the same manner, one can define the module of i-forms A'(m),
i>0,on J®(m)

Ni(m) = | A (J¥(m))

k>0

and consider the graded algebra A*(w) = Y .2, A'(w) of differential
forms on J>°(7).

A wvector field X on J*°(m) is an R-linear mapping X : F(w) — F(7)
satisfying the Leibniz rule X (o) = o X (¢) + v X (), for any ¢, ¢ €
F(m), and preserving the filtration in the algebra F(7), i.e., fulfilling
the condition that there exists r > 0 such that

X (Fi(7)) C Frer(m)

for each & > 0. Denote by D(m) the set of all vector fields on J>°(7).
Obviously, D(r) is an F(7)-module and a Lie algebra over R. Locally,
each X € D(7) can be represented as

0 o,
X:ZCLZ‘a—Ii—f—jzabga—pg,

where b € F, 4, (m) for some 7.
Let &: F; — J*®(m), i = 1,2, be vector bundles over J*(7), P, =
['(&) be F(m)-modules of sections. An R-linear differential operator
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A: P, — P, is called C-differential if it can be restricted to the mani-
folds of the form [f]*°, f € I'(w). That is
A(cp)|moo = 0 when <p|moo =0, p€P.

If vector bundles &, & are finite dimensional, m; = dim¢;, then in
local coordinates each C-differential operator A can be represented as
an mse X mi matrix

o o
Za’ afy Do aalmlDU
A=, ,
o o
5 U1 Do - o Umomy Do

where 0 = (01,...,0,), Dy = (D1)?* o---0(D,)", and

0 ; 0 .
aLE‘i_{—jZo_p;Jrlia—pg_’ Z—l,...,n,

is the ¢-th total derivative. The set of C-differential operators from P;
to Py is clearly an F(7)-module and is denoted by CDiff (P, P»).

In any module CDiff(Q, R), there exists a filtration by the modules
CDIff®(Q, R) consisting of C-differential operators of order < k. Con-
sider the module of C-symbols

D; =

Csmbl(Q, R) = Y _Csmbl™(Q, R),
k=0

Csmbl®(Q, R) = CDiff ¥ (Q, R)/ CDit*V(Q, R)
= S*A')®Q" ®R.
By definition, one has the projections
Csmbl®: ¢Diff®)(Q, R) — Csmbl®(Q, R).
For each A € CDiff(Q, R), A # 0, define the order of A by
ord A = min{k | A € CDiff®(Q, R)},

and the C-symbol so(A) = Csmbl ™42 (A).

The representative object for the functor CDiff(k)(P, ), 0 <k < oo,
is called the module of horizontal k-jets and is denoted by 7k(P) By
definition, we have

CDIff® (P, Q) = Hom# (7" (P), Q).

For any C-differential operator A: P — @) denote by 7k(A) - TJ
(@ the corresponding homomorphism.
The filtration in the module CDiff (P, Q) yields projections

"(p) —

—k—1

_ —k
k-1 J (P)— T (P),k>0,
and the following sequence is exact

0= SR oP—T(P) T

Y(p) —o.
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If A: P — @ is a C-differential operator of order k, then so(A) €
Sk(Kl)* ® Q* ® P is an F-homomorphism
So(A): S*A' @ P — Q.

The [-th prolongation s;(A) of the C-symbol so(A) is, by definition,

the composition
si(A): SR @ P 2L SR @ MR @ p 120, G g ),
where o1 S¥'A' — S'A' ® S¥A' is the natural inclusion.

Let &: F; — M, i =1,2, be vector bundles, P, = T'(§;), and A: P, —
P, be an R-linear differential operator, A € Diff(P;, P;). By definition,
put P, = F(7) @ceo(ary Py = T'(15,(&)), where 7% (&) is the induced
vector bundle over J*°(m). A unique C-differential operator AP —
P, such that A(1®p) = 1® A(p) is called the lifting of A.

Consider a vector field X € D(M) on M. It is a first-order dif-
ferential operator acting from C*°(M) to C°°(M). Then the lifting
X € CDiff (F(n), F(m)) is a vector field on J*(7). Consider the sub-
module CD(w) C D(r) generated by vector fields of the form X. Thus
we have a distribution on J*°(7) which is called the Cartan distribu-

tion. The Cartan distribution is completely integrable in the sense that
it satisfies the Frobenius integrability condition

[CD(m),CD(m)] € CD(w). (1)
In local coordinates, if X = Y, a,0/0x;, a; € C*(M), then X =
Zi CLZ‘DZ‘, and
en(m) ={ Y wiDi | pi € F(m)}.

A vector field X € D(m) is called vertical if X(¢) = 0 for each
o € C°(M) C F(rn). Denote by DV (r) C D(r) the F(r)-module of
vertical vector fields. The module DV is also a subalgebra of the Lie
algebra D(m),

[DY(w), D" (m)] € DY (), (2)
and D(m) splits into the direct sum
D(r) = CD(m) ® DY (7).
Dually, the module of 1-forms on J* () splits into the direct sum
Al(r) = C'AN(m) @ X (n), (3)
where
Kl(ﬂ') ={w e A(r) | w(X) =0 for any X € D" (m)}
is the module of horizontal 1-forms, and

C'A'(m)={weA(r) |w(X)=0 forany X €CD(m)}
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is the module of Cartan forms.

Locally,
Kl :{Zcpidxi |<pi€.7:(7r)},
C'A\(x {Z% |5 € Flpi },

where wl = dp), — 3", pl 1, dx;.
From (H) it follows that each A’(w), 7 > 0, splits into

= > AY(m)@C’A(n),

a+06=i
where
A=K () A AR (1), CoANm)=C'A(m)A--- AC'A(r).
a t‘i¥nes B t;?nes

The graded algebra A" (m) is the lifting of the graded algebra A*(M)
of differential forms on M. The lifting of the de Rham differential
d: N(M) — N+Y(M) 1s called the horizontal differential and is de-

noted by d: A'(7) — AT ( ). The complex
0 Fr) LA -L . LR ) =0

is called the horizontal de Rham complex and its cohomology at the
term A' () is denoted by FZ(W). In local coordinates

d(dz;) = ZD ) dzi, ¢ € F ().

Let V(m): V(FE) — E be the vector bundle of vertical vector fields on
E, V(E)={v e T(FE)| mwv = 0}. By definition, put s = I'(V (7)) =
I' (73,0 (V(7))). Then there exists a map

9:%x— DV (1), ¢ 9,

where 9, is called an evolutionary derivation and is defined by the

formula
(W[mw) )

where f € I'(7), ¢ € 5, ¢ € F(m), and f; is a 1-parameter family of
sections of 7 such that d/dt|i—of; = ¢, fo = f.
In local coordinates, if ¢ = (¢!, ..., cpm) then

2= g

d

9¢(¢)|[f]<x> - a o
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2.2. Differential operators and equations. A system of nonlinear
differential equations of order k imposed on sections of 7: £ — M is a
submanifold Y* C J*(x). Denote by Y** C J*™(x) the s-th prolon-
gation of Y*¥. We shall always assume that J* is formally integrable.
Then Y°, s > k, is a smooth manifold, and 754, s > ¢t > k, maps )*
onto V! surjectively. The inverse limit of the system of maps

s V=Y, s>t >k,

is called an infinitely prolonged differential equation, or simply a dif-
ferential equation, and is denoted by Y = Y*°. In a trivial way, the
infinite jet manifold J* () is a differential equation of zero order with
Yk = Jkr), k> 0.

One can construct a calculus on a differential equation ) C J*°(7) in
the same way as for the jet manifold J*(x). Let F, A*, D denote the
algebra of smooth functions, the graded algebra of differential forms
and the module of vector fields on ) respectively.

As for the jet manifold J°(7), there exists the splitting of the mod-
ules of vector fields D and 1-form Al

D=D"@&cCD, A'=RA @&C'AL (4)
Let &: E' — M be a vector bundle, F': I'(r) — I'(£) be a nonlinear

differential operator. The operator F' can be considered as a section of
the induced vector bundle 7% (&) over J*°(7). Define a smooth map

J(F): J=(m) = J2(©E), = [FOI
Let Y = Y(F') be the differential equation defined by F,
V(F)=%ker J(F)={0 € J>®(m) | J(F)(0) =0}.

In local coordinates, if F' = (F!,..., F®), F' = FY(x;,p?), then Y(F)
is the infinite prolongation of the system

Denote by P =T (7%,(§)) the F(m)-module of sections of the induced
vector bundle over J*°(w). The universal linearization of F' is a C-
differential operator ¢y € CDiff (s, P) such that

r(O)ipe = | F(fr), w €5 fel(m),
t=0
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where f; is a 1-parameter family of sections of m such that d/dt|—o f; =
©|(f1, fo = f. In local coordinates,

OF? OF?

So Do o Lo gmDe

Cp= .
OF*® OF*®

Za_ a—péDa Ce Za’ @Da’

Denote by Iy C F(w) the ideal of functions vanishing on ). For
each F(m)-module R denote by [R] the restriction of R to Y, [R] =
R/(Iy - R). If R is a projective F(m)-module, then [R] is a projective
F-module as well.

A differential equation Y = Y(F) is called regular with respect to
the nonlinear differential operator F' = (F1, ... F*®) if

1. The ideal Iy is generated by the functions D, (F!), 1 <1 < s,

0 < |of < oo;

2. The module of 1-forms A! is projective.

This definition does not depend on the choice of coordinates.

If the F-module A! is projective, then from (@) it follows that mod-
ules A and C'A! are also projective. From now on we assume that all
modules under consideration are projective.

Let i: Y — J*(7) be the natural inclusion, i*: [C*A'(7)] — C'A' be
the induced homomorphism, [(g]: [»%] — [P] be the restriction of the
universal linearization to ).

2.3. Adjoint operator. Let ) be a differential equation. For any
F-module @ consider the following complex (S(Q), d;):

0 — CDIff(Q, F) % eDiff(Q, A) 2 ... X eDiff(Q, A") — 0, (5)
where di(A) = —d o A. The cohomology of complex () is described
by
Proposition 1 (). 1. H'(S(Q)) =0 ifi #n;

2. H"(S(Q)) = Homz(Q,A").

By definition, put @ = Homz(Q,A") for any module Q.

Each C-differential operator V: ()1 — @2 induces a homomorphism
of complexes

S(V): 8(Q2) — S(Qv),
S(V)(A) = AoV, A e CDiﬁ(QQ,Ki), and an R-linear map of the
cohomology
AVAR C/Q\g — C/Q\l
The operator V* is called the adjoint operitoz\for V.
Proposition 2 ([i3). 1. V* € CDiff(Q2, Q1).
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2. For all Vy € CDiff(Q1, Q2), V2 € CDiff(Q2, Q3),
(VQ o Vl)* = VT o V;‘
3. If in local coordinates V is an my X mao-matriz

(e
E a;; Doy
(e

then V* is the ma X mq-matriz

> (=1)FID, 0 af,

g

v:

I

v -]

2.4. The C-spectral sequence. Consider the C-filtration in the de Rham
complex on an equation )

A=C’ADC'ADC*AD -+,
where
A=Y coa o
azp
820
The spectral sequence { EP4, dP1} determined by this filtration is called
the C-spectral sequence for the differential equation ). As usual, p
denotes the filtration and p + ¢ denotes the degree.
Proposition 3 (). 1. EP?=CPA' @ A’
o 0T R 00— 3
3. The C-spectral sequence converges and the term Eo, = {EP:A} is
attached to Hj, ppam(Y)-
Keeping in mind Statement 2 of Proposition B denote
& =d: CPA' @A - CPA @ AT
If Y = J°°(), then in local coordinates d is uniquely defined by the
following equalities

a(f) = me) dz;, [ € F;

d(dz;) =0, dx; € Kl;
d(W) = dw! = dei A wiﬂi, wl e C'A.

2.5. The term F; of the Vinogradov C-spectral sequence. Con-
sider a sequence of C-differential operators

Plipggpg, OrdAlzkl,OrdAQZkQ. (6)

Sequence (H) is called formally exact if for any s > 0 the sequence of
homomorphisms

7k1+k2+s(Pl) J (A1) 7k2+s(P2) 7S(P3)
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is exact.
The following lemma is a fact from the formal theory of differential
equations.

Lemma 1. Consider a sequence of differential operators
A
Poipli#>B%Pl+1:0, OI'dAZ:k’Z (7)
Suppose that for any m = 1,...,1 and © > 0 the sequence of the pro-
longations of the C-symbols

_ 5i (A o ity (Am P
gkt @ p, | ) gt o p o Sk ) gikn{ o p

is exact, where $;(Ay,) =0 and SR =0 if i < 0. Then sequence (M)
15 formally exact.

The following proposition estimates the term FE; of the C-spectral
sequence.

Proposition 4 ([d]). Let Y = Y(F) be a reqular differential equation.
Assume that there ezists a formally exact sequence of C-differential
operators
[¢F] Ay Agoa
Po=[»x]—P —- -+ —— B, —0.

Then

1. EP"=04fp>0andqg<n-—Fk

2. For any p > 0 there exists a complex of C-differential operators

—_— —_ A* — R— —_—
0— CP A" ® P % PR ® Pr1

[z}}pfl

L e R @7 — 0 (8)

(A272)p*1

and the term EY? is a direct summand in the cohomology group
of complex @) at term R ® P,_,.

3. THE “THREE-LINE” THEOREM FOR THE C-SPECTRAL SEQUENCE
OF THE YANG—MILLS EQUATIONS

3.1. Let V be an oriented R-linear space, dimV = n, and n: V X
V — R be a nondegenerate metric. Denote by H: A¥ — A"* k =
0,...,n, the Hodge isomorphism. If ey,..., e, is a positively oriented
orthonormal basis, n(e;, e;) = 0 if ¢ # j and n(e;, €;) = n; = 1, then
H(eil ARERA eik) = Migiy -+ - Mg, CirevsigrognnCin /N0 N Cjys

where {j1,...,Jnx} ={1,...,n}\ {i1, ..., ix}

Consider the following d-complex

0-5V L Wev-L s 2veay L. LAV o,

9
d(f®9)zza£®eiA9, fesSV,0e ANV, 0<k<n,
i=1 v
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which is the de Rham complex with polynomial coefficients.
By definition, put

S=(1®H)odo(1®H): S*Va@ AV - SV oAV

and consider the J-complex

l
05 veay 5 s-ly o Ay 2L 2L gy L,

which is clearly isomorphic to the d-complex. It is easy to see that

n

0
(f ® 6)) =M T/nnznzz f

(96Z
The following lemma is a fact from linear algebra.
Lemma 2. The d-complex (resp. d-complex) is acyclic if | > 0 (resp.

[>n).

Lemma 3. The linear map
d+6: SV ANTVeSVeANTY - STV oAV
1 an epimorphism.

Proof. Choose a positively oriented orthonormal basis eq,...,e, of V.
Denote € = 711+ Npn. Consider an element ¢! ® § € S'V @ A*V.
Obviously, 8 = e; A 0" + 0", where 06’ /0e; = 00" /0e; = 0. Then we

have

el@l=c e, N0 +e @0

= d( €l1+1 ® 9/) + 6(67711 l1+1 ® €1 A 9”)
[+1 [+1 ’

that is €} ® 6 € im(d + 9).
By induction, suppose that e} f ® 6 6 im(d + §), where i = m, m +
. and (9f/(961 = 0. Consider e/ ' f® 60, 0f /0e; = 0. As above

lfel="1fRe N0+l f 20"
1

( f®6’ ——Zae ®e; NG

em n af o6"
/!
+5(€7711—f®6 NO") — m(€7711 ;77”8@ ®er N 861)
Hence, by inductive hypothesis, /"' f®@6 € im(d+d). Thus im(d+6) =
S'W @ A*V and the lemma is proved. O
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Corollary 1. The following complex
SV @ AV 2§72V @ Lambda™*V —L S8V @ ARy L

L, SR @ APV — 0,
where d=do Hod and 0 < k <n, s exact.

3.2. Yang—Mills equations. We choose spacetime to be the manifold
M = R" with local coordinates z%, i = 1,...,n, equipped with a
flat metric . By definition, put d; = 9/9z°. To define the Yang—
Mills field consider a trivial fiber bundle over the spacetime with the
structure group G, dimG = m, M x G — M. Let g be the Lie algebra
of the Lie group G and 7%, @ = 1,...,m, be a basis of g with the
structure constants ¢j,. Consider a trivial vector bundle §: g x M —
M. Sections of this bundle can be identified with infinitesimal gauge
transformation. Denote the C'*°(M)-module of sections by I'(¢) = G.
In local coordinates, € € G is written in the form € = €%7,, €* € C*(M).

We can represent a connection on the principal fiber bundle by a
1-form A taking values in g. This 1-form is called the Yang—Mills field
and is a section of a vector bundle 7: ¢ ® T*M — M over M with the
fiber g @ T); M at point xo € M . In local coordinates one has

A= A%r' @ 7,

Consider the infinite jets bundle J*°(7). The module s can be iden-
tified with

w=1 (1) ®G,
where the F-module G is the lifting of the C*(M)-module G up to
J*°(m). Then

2=A(Med =A"(Ma7.
Using the Hodge isomorphism H : Knil(w) — A" and the chosen basis
To Of g, we identify
w=n=N(1r)®G.

The curvature of a connection is a 2-form F' on M with values in g,

which is called the Yang—Mills field strength. In local coordinates,
_ « ) j a « o o B8

The Yang—Mills field equations are given by a differential operator

of the 2-nd order ®: £ — £ given in local coordinates as follows
D(A)S = O'F + ¢, A”'F)

boa=1...mj=1...n (9)
Equations (l) define an infinitely prolonged equation ) = Y(®) C
J(m). Let fg: ¢ — 3 be the universal linearization of ®. Since
equations (H) are Euler-Lagrange equations, the C-differential operator

U5 : 3z —  in our identification » = 3 coincides with /s.
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An infinitesimal gauge transformation is given by a differential op-
erator R: G — ». Let R: G — 3 be the lifting of the operator R up
to J*°(m). In local coordinates the C-differential operator R is written
as follows

R(e)* = D;(e*) + cgvAfev,

)

wheree = () € G, 3=1,...,m,i=1,...,n, D; = 0; is a total deriv-
ative. Since the Yang-Mills equations are invariant under infinitesimal
gauge transformations, we have

[le] o [R] =0, (10)

where [-] denotes the restriction of a C-differential operator to the equa-
tion Y. From (EH) one immediately obtain

[B]" o [la]” = [R]" o [ta] = 0. (11)
Equality () is a corollary of the second Noether theorem. Thus one
has the complex

n—1

Gor Y oer B geR" —o. (12)

Theorem 1. Complex (EA) is formally ezact.

Proof. Put ¢, = 0, that is consider the Abelian case. Clearly, the
symbols of the C-differential operators ¢¢ and R* do not change. Then
one easily obtains

B(A)Y = D',AY — D0;A2, R(e)i = Dy(e”).

)

It is not difficult to see that the C-symbols of the C-differential operators
ls and R* are written as follows

so(le) =1®(doHod):G®S?A @K —GoA
soB)=1®d: oA @A -G
The theorem follows now from Corollary ll and Lemma [l O

Combining Theorem M and Proposition B, one obtains the following
theorem.

Theorem 2 (the “three-line” theorem). E7"? = 0 if p > 0 and ¢ <
n—2.
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