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Cohomology background in geometry of PDE

Joseph KRASIL’SHCHIK

ABSTRACT. Using techniques of Frolicher—Nijenhuis brackets, we associate to
any formally integrable equation £ a cohomology theory (C-complex) HE (&)
related to deformations of the equation structure on the infinite prolongation
£°°. A subgroup in H}(€) is identified with recursion operators acting on the
Lie algebra sym & of symmetries. On the other hand, another subgroup of
HZ(E) can be understood as the algebra of supersymmetries of the “superiza-
tion” of the equation £. This pass to superequations makes it possible to obtain
a well-defined action of recursion operators in nonlocal setting. Relations to
Poisson structures on £°° are briefly discussed.

This text is based on my lecture at the Moscow Conference, as well as on series
of papers [l Ko BGE BSKaT] published in recent years. Unlike Jim Stasheff
(IF&=]), T was able to use only one letter of my native language here.

In [RGnd] A. Vinogradov showed that Lagrangian formalism with constraints,
as well as the theory of conservation laws, is, in essence, a cohomological theory
expressed in terms of the C-spectral sequence. My main purpose here is to show that
the theory of symmetries for partial differential equations (including the theory of
recursion operators for these symmetries, [Q]) is of cohomological nature as well.
The corresponding cohomologies are determined by the Frélicher — Nijenhuis bracket
due to flatness of the Cartan connection and are called C-cohomologies. Moreover,
the term F4 of the C-spectral sequence and C-cohomologies are in a sense mutually
dual. Using this duality, one can introduce the concept of Poisson structure on a
differential equation as a cochain map of a special type, [E&, IEE]. On the other
hand, both cohomology theories can be considered as horizontal cohomologies with
appropriate coefficients [l Baid] which gives a unified way to estimate them [Sad].

Section Mis a brief introduction to the theory of Frolicher — Nijenhuis brackets in
a general algebraic framework. In Section B I construct the complex associated to
a flat connection in a commutative algebra and introduce the corresponding coho-
mologies. Section H contains specialization of these construction in the case of the
algebra of smooth functions on the infinite prolongation of a formally integrable
equation endowed with the Cartan connection. In Section B, it is shown that to
obtain a self-contained, theory one needs to extend the initial setting with graded
variables naturally associated to any differential equation and to take into consider-
ation nonlocal picture. Section H contains a brief outline of some problems related
to the main topic.
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1. BRACKET FORMALISM IN COMMUTATIVE ALGEBRAS

Let F be a field of characteristic zero and A be a commutative unitary F-algebra.
We shall use below notations and definitions from differential calculus over com-
mutative algebras (see for details [Mandl, BCCWA FGEH]). Recall the basics:

e D(P) is the module of P-valued derivations A — P, where P is an A-module;

e D;(P) is the module of P-valued derivations skew-symmetric i-derivations.
In particular, D1(P) = D(P);

e A(A) is the module of differential i-forms of the algebra A;

o d: AY(A) — AT1(A) is the de Rham differential.

If Ais the algebra of smooth functions on a smooth manifold M, we use the notation
D(M) and A*(M) for D(A) and A?(A) respectively. The modules A*(A) are repre-
sentative objects for the functors D; : P = D;(P), i.e., D;(P) = hom (A (A), P).
The isomorphism D(P) = hom (A'(A), P) can be expressed in more exact terms:
for any derivation X : A — P there exists a uniquely defined homomorphism
fx : A(A) — P satisfying X = fx od. Denote by (Z,w) € P the value of the
derivation Z € D;(P) at w € Ai(A).

Both A*(A) = ®;50A"(A) and D, (A) = @;>0D;(A) are endowed with the struc-
tures of commutative superalgebras with respect to the wedge product operation
A A (A)@A (A) — A (A), Di(A)®D;j(A) — Dit;(A), the de Rham differential
d: A*(A) — A*(A) becoming a derivation. Note also that D, (P) = @®;>0D;(P) is
a D, (A)-module.

Using the paring (-, -) and the wedge product, we define the interior product (or
contraction) ix w € A=Y A) of X € D;(A) and w € AJ(A), i < j, by setting

(1.1) (V,ixw) = (¥ A X, w)

where Y is an arbitrary element of D;_;(A). We formally set ix w = 0 for i > j.
We now define the Lie derivative of w along X as

(1.2) Lxw=(ix od—(—1)% doix)w = [ix,dw

where (as everywhere below) (—1)® substitutes (—1)9¢¢¢ for any element a of a
“superobject” (i.e., algebra or module), while [, -] denotes the supercommutator.

Consider now the graded module D(A*(A)) of A*(A)-valued derivations A —
A*(A) corresponding to form-valued vector fields (or, which is the same, vector-
valued differential forms) on a smooth manifold. Note that the graded structure
in D(A*(A)) is determined by the splitting D(A*(A)) = @®;>0D(A*(A)) and thus
elements of grading i are derivations X such that im X C A?(A4). We shall need
three algebraic structures associated to D(A*(A)). First note that D(A*(A)) is
a graded A*(A)-module: for any X € D(A*(A)),w € A*(A) and a € A we set
(wA X)a = wA X(a). Second, we can define interior product ix w € A7 71(A)
of X € D(A'(A)) and w € AJ(A) using the same definition (E¥). Finally, we can
contract elements of D(A*(A)) with each other by setting

(ix V)a =ix(Ya), X,Y € D(A*(A)),a € A.

Two properties of contractions are essential in the sequel.



Cohomology background in geometry of PDE 3

Proposition 1.1. Let X,Y € D(A*(A)) and w,8 € A*(A). Then

(1.3) ix(wAB) =ix(w) A+ (—1)*FVuAix(d),

(1.4) ix(WAY) =ix (W) AY 4 (=1)*E Dy Aix(Y),

(1.5) lix,iy] = ifx,yym,

where

(1.6) [X, V)" =ix (V) = (-1)F DT =Dip(x).

Proof. Equalities () and (B3 are proved by direct use of definitions. To prove
), it suffices to use expression (E). O

Definition 1.1. The element [X,Y]™ defined by @) is called the Richardson —
Nijenhuis bracket of elements X and Y.

Directly from Proposition IRl we obtain the following
Proposition 1.2. For any X,Y,Z € D(A*(A)) and w € A*(A) one has

(1.7) [X, Y™ + (=)D, X]™ =0,
(1.8) %(_1)(Y+1)(X+Z) [[[[X, Y]]I'n, Z]]rn _ 07
(1.9) [X,w AY]" =ix(w) AY 4+ (=) FE Doy A [ X, Y]

Here and below the symbol ¢ denotes the sum of cyclic permutations.

Note that Proposition BRI means that D(A*(A))! is a Gerstenhaber algebra with
respect to the Richardson —Nijenhuis bracket [B=S]. Here the superscript | denotes
the shift of grading by 1.

Similar to (=) define the Lie derivative of w € A*(A) along X € D(A*(A)) by

(1.10) Lxw=(ix od+(~1)* doix)w = [ix,dw

(change of sign is due to the fact that deg(ix) = deg(X) — 1). From the properties
of ix and d we obtain

Proposition 1.3. For any X € D(A*(A)) and w,0 € A*(A) one has

(1.11) Lx(wA#) =Lx(w) A0+ (=1)*“w ALx(6),
(1.12) Loax = wALx +(—=1)“T d(w) Aix,
(1.13) [Lx,d] =0.

Our main concern now is to analyze the commutator [Lx, Ly| of two Lie deriva-
tives. It may be done efficiently for the following class of algebras.

Definition 1.2. We say that a commutative algebra A is smooth, if A'(A) is a
projective module of finite type.

Proposition 1.4. Let A be a smooth algebra. Then for any elements X,Y €
D(A*(A)) there exists a uniquely determined element [X,Y]™ such that

(114) [LX,LY] == L[[X7Y]]fn'
Proof. To prove existence, note that for smooth algebras one has
D;(P) =homa(A*(A), P) = P ®4 homa(A*(A), A) = P®4 D;(A)

for any A-module P and integer ¢ > 0. Using this identification represent elements
X,Y € D(A*(A)) in the form

X=weX ) Y=00Y' woecA(A),X Y € D).
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Then it is easily checked that the element
Z=wAN0@ X V]+wALx0QY + (-1)*dwAix 0Y’
(1.15) —(-1)“0 ALy w@ X — (=)@ A0 Ny w @ X!
WA X Y]+Lx Y — (-1 Lywe X’

satisfies (IEI).

Uniqueness follows from the fact that Lx(a) = X (a) for a € A. O

Definition 1.3. The element [X,Y]™ defined by formula () is called the Fré-
licher — Nijenhuis bracket of elements X and Y.

The basic properties of this bracket are summarized in the following

Proposition 1.5. Let A be a smooth algebra, X,Y,Z € D(A*(A)) andw € A*(A).
Then

(1.16) [X, Y]™ + ()X [, X]™ =0,

(1.17) f (—1)YHILX, [y, 2] = o,

(1.18) ix e = [Lx,iv] + (=)L x,
(1.19) iz [X,Y]™ = [iz X, Y]™ + (-1)XE[X, iy v]™

+=1) N iy e Y = (DY e X
(1.20)
[X,wAY]™" =LxwAY — (=1)X DT+ g A dy X + (=1)“w A [X, V]™.

Note that the first two equalities in the previous proposition mean that the
module D(A*(A)) is a Lie superalgebra with respect to the Frolicher — Nijenhuis
bracket.

Remark 1.1. The above exposed algebraic scheme obtains a geometrical realiza-
tion, if one takes C'°(M) for the algebra A, M being a smooth finite-dimensional
manifold] The algebra A = C*(M) is smooth in this case. However, in geo-
metrical theory of differential equations we have to work with infinite-dimensional
manifolds of the form N = m{ﬂ'kﬁ—l,k}Nk’ where 71k ¢ Nip41 — Nj are surjec-
tions of finite-dimensional smooth manifolds. The corresponding algebraic object is
a filtered algebra A = UkeZ Ap, A; C Ag41, where all Ay are subalgebras in A. A
self-contained differential calculus over A is constructed, if one considers the cate-
gory of all filtered A-modules with filtered homomorphisms for morphisms between
them. Then all functors of differential calculus in this category become filtered, as
well as their representative objects.

In particular, the A-modules A*(A) are filtered by Ag-modules A*(Ay). We
say that the algebra A is finitely smooth, if A'(Ax) is a projective Ax-module of
finite type for any k € Z. For finitely smooth algebras, elements of D(P) may
be represented as formal infinite sums ), pr ® X, such that any finite sum S,, =
Zkgn pr ® X}, is a derivation A,, — P, for some fixed s € Z. Any derivation X is
completely determined by the system {S,} and Proposition IR obviously remains
valid.

1To obtain exact correspondence between algebraic and geometrical pictures, one needs to re-
strict oneself with the subcategory of all A-modules consisting of the so-called geometrical modules.
See the details in [KE3].
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2. CONNECTIONS AND COHOMOLOGIES

We now introduce the second object of our interest. Let A be an F-algebra and
B be an algebra over A. We shall assume that the corresponding homomorphism
¢ : A — B is an embedding. Let P be a B-module; then it is an A-module as well
and we can consider the B-module D(A, P) of P-valued derivations A — P.

Definition 2.1. Let V* : D(A, o) = D(e) be a natural transformations of functors
D(A,e) : A = D(A,P),D(e) : P = D(e) in the category of B-modules, i.e., a
system of homomorphisms V¥ : D(A, P) — D(P) such that the diagram

DA, P) Y, D(P)

D(Af)l lD(f)

ve
D(A,Q) —— D(Q)
is commutative for any B-homomorphism f : P — Q. We say that V*® is a connec-
tion in the triad (A4, B, ), if VP (X) |4 = X for any X € D(A, P).

Here and below we use the notation Y|4 =Y o ¢ for any Y € D(P).

Remark 2.1. When A = C*(M),B = C*®(E),p = 7*, where M, E are smooth
manifolds and 7 : E — M is a smooth fiber bundle, Definition Bl reduces to the
ordinary definition of a connection in the bundle 7. In fact, if we have a connection
V* in the sense of Definition &2, then the correspondence

D(A) — D(A, B) Y2 D(B)

allows one to lift any vector field on M up to a m-protectible field on E. Conversely,
if V is such a correspondence, then we can construct a natural transformation V*
of the functors D(A, e) and D(e) due to the fact that for smooth manifolds one has
D(A,P) = P®4 D(A) and D(P) = P ®p D(P), P being an arbitrary B-module.
We use the notation V = VZ in the sequel.

Definition 2.2. Let V* be a connection in (A, B, ¢) and X,Y € D(A, B) be two
derivations. The curvature form of the connection V*® on the pair X,Y is defined
by

(21)  Ry(X.Y)=[V(X),V(Y)] - V(V(X) oY — V(Y) o X).

Note that (EZN) makes sense, since V(X) oY — V(Y) o X is a B-valued derivation
of A.

Consider now the de Rham differential d = dp : B — A!(B). Then the composi-
tion dg oy : A — B is a derivation. Consequently, we may consider the derivation
V(dpop) € D(AY(B)).

Definition 2.3. The element Uy € D(A!(B)) defined by
(2.2) Uy =V(dpop) —dp
is called the connection form of V.

Directly from definition we obtain the following
Lemma 2.1. The equality
(2.3) ix(Uv) =X -V(X|a)
holds for any X € D(B).

Using this result, we now prove
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Proposition 2.2. If B is a smooth algebra, then
(2.4) iy ix [Uv,Ug]™ = 2Rv(X |4 ,Y |4)
for any X, Y € D(B).
Proof. First note that deg Uy = 1. Then using (&) and () we obtain
ix [Uv, Us]™ = [ix Ug, Uv]™ + [Uv,ix Uv]™ — ijx yoym Uv — ifx.poye U
=2([ix Uv, Us]™ —ifx yope Uv).
Applying iy to the last expression and using (==l and (=), we get now
iy ix [Uv, Ug]™ = 2([ix Uv, iy Us]™ —ipy yjm Uv).
But [V, W]™ = [V, W] for any V, W € D(A°(A)) = D(A). Hence, by (=), we have
iy ix [Us, U™ = 2(1X — V(X |4),Y = V(¥ |4)] - (X, Y] - (X, Y] |1)).

It only remains to note now that V(X |4)|a = X |a and [X,Y]|a = X oY |4 —
YoX|a. O

Definition 2.4. A connection V in (A, B, ¢) is called flat, if Ry = 0.

Thus for flat connections we have
(2.5) [Uv, Uv]]fn =0.

Let U € D(A'(B)) be an element satisfying (E=8). Then from the graded Ja-
cobi identity (E=Ed) we obtain 2[U, [U, X]™]™ = [[U,U]™, X]™ = 0 for any X €
D(A*(A)). Consequently, the operator 9y = [U,-]™ : D(AY(B)) — D(A™T(B))
defined by 9y (X) = [U, X]™ satisfies y o y = 0.

Consider now the case U = Uy, where V is a flat connection.

Definition 2.5. An element X € D(A*(B)) is called vertical, if X(a) = 0 for any
a € A. Denote the B-submodule of such elements by D" (A*(B)).

Lemma 2.3. Let V be a connection in (A, B,¢). Then
(i) an element X € D(A*(B)) is vertical if and only if ix Uy = X;
(ii) the connection form Uy is vertical, Uy € D”(Al (B)); .
(iii) the map dyg preserves verticality, Oy (DY (A'(B))) C DU(A*T1(B)).

Proof. To prove (i), use Lemma 2.5: from (B it follows that ix Uy = X if and
only if V(X |4) =0. But V(X |a)|a = X |a. The second statements follows from
the same lemma and from first one:

e = Uy — V(Us |4) = Uy — V((Us — V(Us |4) |4 ) = Us.
Finally, (iii) is a consequence of (IEI). O

Definition 2.6. Denote the restriction dy¢

Dv(A*(A)) by Ov and call the complex
(2.6) 0 — D"(A) 2% DU(AY(A)) — ... — D*(AI(A)) 2% DY (AT (A)) — ...
the U-complex of the triple (A, B, ¢). The corresponding cohomology groups are
denoted by HL(B; A, ), H(B; A, @) = Dio HE(B; A, ) and are called the U-
cohomologies of the triple (A, B, ¢).

Introduce the notation

(2.7) d¥ =Lyg : AY(B) — A"(B).
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Proposition 2.4. Let V be a flat connection in the triple (A, B, ) and B be a
smooth (or finitely smooth) algebra. Then for any X, Y € DY(A*(A)) and w €
A*(A) one has

(2.8) O [X, Y] = [0v X, Y]™ + (-)¥[X, 09 Y]™,
(2.9) ix,0v] = (_1)X lgg x,

(2.10) Ov(w A X) = (d% —d)(w) A X + (=1)“w A I X,
(2.11) [d%,ix] = isgx +(—1)¥ Lx .

Proof. Equality (BE&) is a direct consequence of (=&). Equality (&) follows from
(=3). Equality (&) follows from (=) and (BE&l). Finally, (Bl is obtained
from (I=EH). O

Corollary 2.5. The cohomology module HS(B; A, o) inherits the graded Lie alge-
bra structure with respect to [-, -]]fn, as well as the contraction operation.
Proof. Note that DY(A*(A)) is closed with respect to the Frolicher—Nijenhuis

bracket: to prove this fact, it suffices to apply (E=Z¥). Then the first statement
follows from (). The second one is a consequence of (E=). O

Remark 2.2. We preserve the same notations for the inherited structures. Note,
in particular, that HY(B; A, ¢) is a Lie algebra with respect to the Frolicher—
Nijenhuis bracket (which reduces to the ordinary Lie bracket in this case). More-
over, H %(B ; A, ) is an associative algebra with respect to the inherited contraction,
while the action

Ro: X —ixQ, X € Hy(B; A, ¢),Q € Hy(B; A, ¢)
is a representation of this algebra as endomorphisms of HY(B; A, ¢).

Consider now the map d% : A*(B) — A*(B) defined by (B=) and define d?% =
dp —dv.
Proposition 2.6. Let B be a (finitely) smooth algebra and V be a smooth connec-
tion in the triple (B; A, ¢). Then

(i) The pair (d%, d%) forms a bicomplex, i.e.

(2.12) Yodd =0, dbod =0, d&od% +d¥% ods =0.
(i1) The differential d% possesses the following properties

(2.13) [dY,ix] = —iggx,

(2.14) Ov(wAX)=—dbw) A X + (~1)*wA Iy X,

where w € A*(B), X € DY(A*(B)).
Proof. (i) Since degdg = 1, we have
2d%odv = [ %7d’%] = [LUv7LUv] = L[[Uv7Una]]fn =0.
Since d¢ = Ly, the identity [dp,d3] = 0 holds (see (@H)), and it finishes the
proof of the first part.
(ii) To prove (E=X), note that [d%,ix] = [dp —d%,ix] = (=1)¥X Lx —[d%,ix],
and (E=&) holds due to (). Finally, (Bl is just the other form of (E=I). O

Definition 2.7. Let V be a connection in (A, By).

(i) The bicomplex (B,d%,d%) is called the variational bicomplex associated to
the connection V.
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(ii) Corresponding spectral sequence is called V-spectral sequence of the triple
(A, By).

Obviously, the V-spectral sequence converges to the de Rham cohomology of B.

To finish this section, note the following. Since the module A(B) is generated
by the image of the operator dp : B — A!'(B) while the graded algebra A*(B) is
generated by A!(B), we have the direct sum decomposition

A(B) =P @ AyB) @ AL(B),
120 p+q=1
where
AR(B) = AJ(B) A...ANAL(B), A}(B) =AL(B)A...AAL(B),

p times q times

while Al(B) c AY(B),A}(B) C A'(B) are spanned in A'(B) by the images of d
and d% respectively. Obviously,

dy (A5(B) © Af(B)) € AL(B) © AT (B),

dy (AL(B) @ Af(B)) C ALYH(B) ® Aj(B).

Denote by DP+4(B) the module D”(AL(B) ® A} (B)). Then, obviously, D" (B) =
Di>0 D, =i DP9(B), while from (E) and (B we obtain
dv (DP(B)) c D»**(B).

Consequently, the module HE (B; A, ¢) is split as

(2.15) H(B; A, 0) =P D HEY'(B; A, )

120 p+q=1

with obvious meaning of the notation H%(B; A, ¢).

3. NONLINEAR DIFFERENTIAL EQUATIONS:
C-COHOMOLOGIES7 DEFORMATIONS AND RECURSION OPERATORS

Now we apply the above exposed algebraic results to the case of infinitely pro-
longed differential equation. In what follows, we use the introductory material of
A. Vinogradov’s paper published in this volume.

Let m : E — M be a locally trivial vectofl bundle, dim M = n,dim7 = m,
and & C J¥(r) be a k-th order differential equation in the bundle 7. Consider the
prolongations &' C J**!(7) and the maps mg 141 541 : EFL — EL

Definition 3.1. Equation & C J*(n) is called formally integrable if all prolonga-
tions €' are smooth manifolds and the maps mg1i41,k41 : EFL — £ are surjections
and affine fiber bundles.

In what follows, we assume that all equations under consideration are formally
integrable.
Let £ C J°°(m) be the infinite prolongation of £ with the natural projections
Mookl : £ — E Mo 1 £ — M. We use the following notations below:
e F(€) denotes the filtered algebra of smooth (local) functions on £, i.e.,
F(E) = Us0 Fi(E), where Fi(E) = c>=(&h,
o F(&,8) = U5 F1(€,€) is the filtered F(€)-module of sections of the pull-back
w5 &, where £ : ' — M is a vector bundle,
o for any filtered F(€)-module P, D;(P) denotes the module of P-valued filtered
i-derivations of F(£),

2In fact, all necessary construction can be defined in the case of an arbitrary locally trivial
bundle, but it adds to technical difficulties only and does not affect the general conceptual scheme.
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e in particular, D(E) = D;(€) is identified with the module of vector fields on
E>. We also denote by DV(P) the submodule of m-vertical derivations,
e A(&) = D;>0 A (€) is the graded filtered algebra of local differential forms
on £ ie., A{(&) = Uiso AH(EY).
For the “empty” equation £%° = J°°(7) we write F (), D(r), A*(7), etc.
Let £: F — M,¢ : F/ — M be two vector bundles and A : T'(§) — T'(¢’) be a
C°(M)-linear differential operator taking sections of & to sections of &’. Let f be
a (local) section of m and joo (f) € J°°(w) be its infinite jet. Set

(3.1) Joo ()" (CA(9)) = A(je(f)7e),
where ¢ € F(m,§).

Proposition 3.1 (see [KL]). Equality (B&M) uniquely defines an F(w)-linear dif-
ferential operator CA : F(mw, &) — F(m, &) possessing the following properties:

(i) The correspondence A — CA is C*°(M)-linear.
(ii) If &” : F”" — M is another vector bundle and A’ : T'(&') — T'(&") is a linear
differential operator, then
(3.2) C(A"o A)=C(A")oC(A).
(iii) If € : £ — J*(7) is an infinite prolongation of a formally integrable equa-
tion, then any operator of the form CA admits restriction onto £, i.e., there
exists an operator CA such that the diagram

Fm, &) —2o F(m¢)

St

FE.6 —L Fee)

18 commutative.

Note also that (B&l) means that operators CA admit restrictions onto graphs of
infinite jets.

Definition 3.2. Operators of the form CA : F(E,8) — F(E,¢&) are called C-
differential (or total) operators. The F(&)-module of such operators is denoted by
CDIff(£, €/).

In particular, if X € D(M) is a vector field on the manifold M, then CX is a
vector field on J°°(7) admitting restriction onto £%°. Such fields are called total

derivatives. From the definition and Proposition Bl it follows that the correspon-
dence X — CX is a connection in the bundle 7o, : £ — M.

Definition 3.3. The correspondence X — CX is called the Cartan connection on

E.

Proposition 3.2. The Cartan connection is flat for any formally integrable equa-
tion.

Proof. 1t is a direct consequence of (E=B). O

Thus, to any formally integrable equation & C J*(r) we can associate the com-
plex (D(A*(£)),0c) and the cohomology theory determined by the Cartan connec-
tion. We denote the corresponding cohomology modules by Hg(E) = @, H, L(E).

In the case of “empty” equation, we use the notation Hg(m) = @, Hé(7).

Definition 3.4. Let £ C J*(r) be a formally integrable equation and C be the
Cartan connection in the bundle my, : £%° — M. Then
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(i) The connection form Ue = Uc(€) € DV(AL(E)) is called the structural element
of the equation 5 .
(ii) The modules H}(E) are called C-cohomologies of €.

The following result contains an interpretation of the first two modules of C-
cohomologies.

Theorem 3.3. For any formally integrable equation & C J*(r), one has

(i) The module H2(E) as a Lie algebra is isomorphic to the algebra symé& of
higher symmetries of the equation &.

(ii) The module H}(E) coincides with the equivalence classes of nontrivial vertical
deformations of the structural element.

Proof. To prove (i), take a vertical vector field Y € DV(€) and an arbitrary field
Z € D(E). Then, due to (=), one has

iz0cY =iz [Ue,Y]™ = [izUe, Y] —ijzy) Uc
— (20 Y120+ (Z - 2] = [Z— 2, Y)Y
where Z¥ =iz Uc. Hence, 0¢Y = 0ifand only if [Z—Z", Y] = 0 for any Z € D(E).
But the last equality holds if and only if [CX,Y] = 0 for any X € D(M) which
means that
ker (9 : D”(€) — D"(A(€))) = symE.
Consider the second statement. Let U(e) be a deformation of the structural

element satisfying U(e) € D*(AY(E)), [U(e), U(e)]™ = 0 and U(0) = Uc. Then
U(e) = Ue + Ui + O(e?). Consequently,

[U(), U™ = [Ue,Ue]™ + 2[Uc, U] e + O(e?) =

from where it follows that [Ug, Ul]]frl = 0cU; = 0. Hence the linear part of the
deformation U(e) determines an element of H}(£) and vice versa. On the other

hand, let A: E® — £°° be a dlffeomorphlsnl of £°°. Define the action A* of A on
the elements Q € D(A*(€)) in such a way that the dlagram

A (E) —22 A*(E)

.| |
A*(€) —— A%(E)
is commutative. Then, if A; is a one-parameter group of diffeomorphisms, then,
obviously,

d d
LALLM = 2
t.+(La) o

Hence, infinitesimal action is given by the Frolicher —Nijenhuis bracket. Taking
Q2 =Ue and X € DV(E), we see that im ¢ consists of infinitesimal deformation
arising due to infinitesimal action of diffeomorphisms on the structural element.
Such deformations are natural to be called trivial. O

A: oLg O(Az)_l = [Lx,LQ] = L[[X7Q]]fn
t=0

Remark 3.1. From the general theory [IZ&1], we obtain that the module H3(€) con-
sists of obstructions to prolongation of infinitesimal deformations up to formal ones.
In the case under consideration, elements HZ(£) have another nice interpretation
discussing later (see Remark 3.14).

3Since £ is, in general, infinite-dimensional, vector fields on £°° do not usually possess one-
parameter groups of diffeomorphisms. Thus the arguments below are of a heuristic nature
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We shall now compute the modules HZ(w), p > 0. To this, recall the splitting
A(E) =B,y g—i M(E) @ AL(E) (see Section H).
Theorem 3.4. One has Hy(n) = F(m,7) @z (x) AL(E) for any p > 0.
Proof. Define a filtration in DY(A*(7)) by setting
F'D*(AP(m)) = {X € D"(AP(m)) | X |#_,_, =0}
Evidently,
F'DY(AP(r)) € FTDY(AP (7)), 0x(F'DY(AP(r))) C F'D(AP* (7).

Thus we obtain the spectral sequence associated to this filtration. To compute
the term Ej, choose local coordinates 1, .. xn,ul, ...,u™ in the bundle 7 and
consider the corresponding special coordlnates w,j=1,....,mo=(o1,...,00)
in J°°(7). In these coordinates, the structural element is represented as

(3.3) U, = (du{, - u, id@-) ® —,
Iolz>01; z:zl o oul

where 0+ 1; = (01,...,0;+1,...,0,), while for X =
one has

(34 %)= 3 3 Y duin (6, - Do) e %,

|o|>0j=1 i=1

T ©0/0ul., 0 € A*(r),

O'_]O'

where 5
Di = C(m) +Z "“’a J

is the total derivative along z;.

Obviously, the term Ef'™% = FPDV(AP~ (7 ))/Fp_lD”(Ap_q( ), p=0,0<
q < p, identifies with the tensor product AP~9(m) @z (x) [(75, 41 (Tq,q— 1)), where
Too,q—1 @ J(m) — JT (), mgq-1 : JI(m) — J97(7) are natural projections.
These modules can be locally represented as F(m, 7) @ AP~%(r)-valued homogeneous
polynomials of order g, while the differential 85"~ : E'~7 — EP~9T! acts as the
Spencer J-differential (or , which is the same, as the Koszul differential). Hence,
all homology groups are trivial except for the term EY % and one has coker oy 0=
F(m,m) @F(m) Af(m). Consequently, only the 0-th line survives in the term E; and
this line is of the form

F(n, W)ﬁf(ﬂ' ™) ®F @) Ab(m) — ...

p,0

o]
L= .7:(71',71') ®]:(7T) Ag(ﬂ') SN .7:(71',71') ®]:(7T) A€+1(7T) — ..

But the image of Jc contains at least one horizontal component (see the end of
Section ). Therefore, all differentials 9" vanish. O

Let us now establish the correspondence between the last result (describing C-
cohomology in terms of A%(7)) and representation Hp(7) as classes of derivations
F(mw) — A*(w). To do this, for any w = (w',...,w™) € F(m,7) Qx(r Aj(7) set

(3.5) Do = ZD () 0

)
8u{,
where D, = D] o---0 D% for o = (01,...04).

Definition 3.5. The element 9, € DV(A*(w)) defined by @A) is called evolution
superderivation with the generating section w € AJ(m).
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Proposition 3.5. Definition of 9., is independent of coordinate choice.
Proof. 1t is easily checked that
D, (F(m)) C Aj(m), Dy € kerdc.

But derivations possessing these properties are uniquely determined by their re-
striction onto Fo(m) (see [Badll, BN for details). O

From this result and from Corollary & it follows that given two evolution su-
perderivations 9, Dy, the elements

. i oy
(i) [Bw, 20", (ii) s, (D)
are evolution superderivations as well.
In the first case, the corresponding generating section is called the Jacobi su-

perbracket of elements w = (w!,...,w™) and 6 = (#*,...,0™) and is denoted by
{w, 8}. The components of this bracket are expressed by
(3.6) {w,0 = Lo, (¢7) — (-1)*" Lo, (&), j=1,...,m.

Obviously, the module F (7, 7) ® 7(x) Aj(7) is a graded Lie algebra with respect to
the Jacobi superbracket.

In the case (ii), the generating section is is_(#). Note now that any element
p € Ay () is of the form p =37 | ag,aws, where

n
o __ v o __ [N @ .
wg =deuy =dug g Ug g, dz;.
i=1

Hence, if 0 € F(m,7) @z@x AL(w) and 09 = 3" al w2, then

o, Vo,atod

(3.7) (i, (0)” =Y aZ . Do(w™).

In particular, we see that (B&l) establishes an isomorphism between the modules
F(m,m)®xxAs () and C Diff (mr, 7) and defines the action of C-differential operators
on elements of AJ(m). This is a really well-defined action because of the fact that
icxw =0 for any X € D(M) and w € A} ().

Consider now a differential equation & C J¥(7) and assume that it is determined
by a differential operator A € F(mr,&). Denote by {¢ the restriction of the operator
of universal linearization £ onto £>°. Let ég’] be the extension of £g to F (7, 7)@ £ (x)
AP(&) which is well defined due to the above said. Then the module H5°(E) is
identified with the set of evolution superderivations 9, whose generating sections
w € F(m,m) @F(x) AD(E) satisty the equation
(3.8) P w) =0
(see [R&1] for the proof and more details). If £ satisfies the assumptions of the
2-lines theorem (sce [Knd, KZ), then HY'(E) is identified with the cokernel of
égo_l] and thus

HE(E) = ker £ @ coker é[gz_l]
in this case.

As it was noted in Remark EZ8 H} () is an associative algebra with respect to
contraction represented in the algebra of endomorphisms of H2(E). It is easily seen

that the action of the HY'' (&) is trivial while Hy?(€) acts on HZ(E) = sym& as
C-differential operators (see above).

Definition 3.6. Elements of the module Hé’o(é’) are called recursion operators for
symmetries of the equation £.
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We use the notation R(E) for the algebra of recursion operators.

Remark 3.2. The algebra R(E) is always nonempty, since it contains the structural
element Ug which is the unit of this algebra. “Usually” this is the only solution
of (B3 for p = 1. This fact apparently contradicts to practical experience (cf.
with well-known recursion operators for the KdV and other integrable systems).
The reason is that these operators contain nonlocal terms like D~! or of a more
complicated form. An adequate framework to deal with such constructions will be
described in the next section.

Remark 3.3. Let ¢ € sym & be a symmetry and R € R(E) be a recursion operator.
Then we obtain a series of symmetries g = ¢, 01 = R(¢),...,0n = R"(¢),....
Using identity (), one can compute the commutators [pp,,p,] in terms of
[o, R]™ € H(€) and [R, R]™ € HZ(E). In particular, it can be shown that
when both [, R]]fn and [R, R]]fn vanish, all symmetries ¢,, mutually commute (see
£).

For example, if £ is an evolution equation, H, é”o (€) = 0forallp > 2. Hence, if @ is
a symmetry and R is a p-invariant recursion operator (i.e., such that [, R]]fn =0),
then R generates a commutative series of symmetries. This is exactly the case for
the KdV and other evolution integrable equations.

4. NONLOCAL AND SUPEREXTENSIONS

Let £ C J*(r) be a differential equation and £> C J*°(x) be its infinite pro-
longation. Consider the algebra AX(€) and a vector field X € D(M). Define
CsX : A5(E) — A%(E) by setting

CsX(w) = Lex (w), w € AX(E).
Then
Cs(fX)(w) =Lepx(w) = fLex(w) +d f Nex w = fLex (w) = fCs(X)(w)

since, by definition, icx w = 0 for all X € D(M),w € A%(E). Obviously one has
CsX |D(M) = X, and we obtain a flat connection in the algebra A%(&).

Definition 4.1. The pair S€ = (A%(£),Cs) is called the superization of the equa-
tion &.

Remark 4.1. The object S€ may be considered as a superdifferential equation. Its
even part is the equation £, while the odd one may be described as follows. Let £
be given by Fo(21,...,Tn,...,ul,...) =0 in a special coordinate system (x;, u).
Denote by v/ the form du’ — 3", ujlq dx;. Then the odd component of S€ is of the
form

lpv= Z %ngj =0.

U

Thus, SE governs the behavior of the generators in A% (E).
The construction of S is a particular case of a more general concept.

Definition 4.2. Let £ be a differential equation and A be a commutative graded
F(E)-algebra. Suppose that there exists a flat connection C4 in A as in a C°(M)-
algebra. Then (A,C4) is called an extension of the equation &, if C4 X |}-(5) =CX
for any derivation X : C*°(M) — A. Two extensions, (A,C4) and (B,Cp), are
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said to be equivalent, if there exists an F(€)-isomorphism f : A — B such that the
diagram
A _f, B

cA<X>l le(foX)

A -1 . B
is commutative for any derivation X : C*°(M) — A.
For any extension (A,C4), one can repeat all the constructions of Section [l and

to define symmetries, C-cohomologies, etc. Let us describe the symmetries of the
superization SE.

Lemma 4.1. Let £ be a formally integrable equation. Then a derivation X €
DY (A*(E)) lies in Hy°(€) if and only if [CY, X]™ = 0 for any Y € D(M).

Proof. Let X € D*(A*%(€)). Then 9cX € DV(A*1(€)) and consequently dc X = 0
if and only if icy e X =0 for all Y € D(M). Use (E=) now:

icy 0cX =icy [Uc, X]™ = [icy Ue, X]™~[Uc.iey X]™~ifey yopm X —ifey xm Ue-

But all terms in right-hand side vanish except for the last one, which equals to
—[cy, X]™ due to verticality of [CY, X]™. O

Theorem 4.2. For any formally integrable equation one has
symSE = HY'(E) @ HY'(€).

Proof. Let X : A*0(E) — A*9(&) be a vertical derivation. Any such a derivation
can be uniquely represented in the form

X =L, +ix,, Xo,X1 € D"(A*°(€)),
where L():(O = [ix,,d¢]. Then, using Proposition 21, we obtain
[CsY, X] = [Lev, LY, +ix.] = [Lev, [ix,, de]] + [Ley, ix, ]
= [[Ley, ixo), de] + [ixo, [Ley, de]] + ey x,pm — Lix, v -
where Y € D(M). But the second and fourth summands vanish while the first one

equals to Lyey x pm. Hence [CY, Xo]™ =0, [cY, X1]™ = 0, which gives the result
by Lemma h O

Thus we see that there are two embeddings of Hé’o(é’ ) into sym SE: the first one,
LC, given by the Lie derivative and another one, i, defined by the interior product.
Note that if R € R(E) is a recursion operator and ¢ € sym & is a symmetry, then
[i(¢¢), L°(R)] = L¢(Ry) and thus the action of recursion operators on symmetries is
expressed in terms of the Lie bracket in sym SE. Note also that the algebra sym SE
is always nonempty: it contains two elements, L (Ug) and i(Ug), at least.
Consider a particular and a very important case of extensions. Let 7 : & — £

be a fiber bundle and F,(€) denote the function algebra C*°(&).

Definition 4.3 (cf. [BEG]). Wesay that 7: € — £% is a covering over £, if there
exists an extension structure (F,(€),C;) in F-(£). A symmetry of (F-(£),C;) is
called a nonlocal symmetry of the type 7 of the equation &, or T-symmetry.

More general, let (A,C4) be an extension of £ and (B,Cp) be an extension of
(A,C4). We say that (B,Cg) is a covering over (A,C4), if they are of the same
grading.

_ Geometrically, it means that a flat connection C; is given in the bundle m o7 :
& — M satisfying C. X (f) = CX(f) for any f € F(E).
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Example 4.1. Let £ be given by an operator A : I'(r) — I'(r!). The infinite
prolongation A determines the map pa : J®(w) — J*(£'). Then, under un-
restrictive regularity conditions, the image waJ™ () is of the form £ for some
equation & C J* (n!). This equation & consists of compatibility conditions for
£ and is generated by the Ndther identities of £. If & is a proper equation, i.e.,
&2 does not coincide with J°°(7r!), we can repeat the construction, etc. Thus we
obtain the sequence of coverings

Fan, DR goo o goo(psy Fhs
which may be called the nonlinear compatibility sequence of £ (cf. [Mai]) and was
discovered by A. Vinogradov some 10 years ago, [Sand].

Consider on J>°(7!) the evolution derivation D5 whose generating section 4 is
the diagonal in F(rt, m) (i.e., joo()*(8) = ¢ for any ¢ € I'(r!)). The composition
D8 = i 0D is a F(m)-valued derivation of F(x')l Then the contraction ina
coincides with the Koszul - Tate differential while elements of A}(€) are identified
with anti-fields.

EX C J®(r) £ £ ¢ J®(xt)

Example 4.2. Let £ be an equation and (A,C4) be its extension. Consider a
horizontal 1-form w € A} (A) and the algebra A, = A(u,,), where the variable u,,
carries the same grading as the one inherited by w from A. For any X € D(M),
define C 4 u,, = icx w. Then the pair (A,,,C.4,) is the extension of £ and a covering
over (A,C4).

If two horizontal forms, w and «’, are d2-homologous (say, ' = w+dp a, a € A),
then the coverings (A,,C,) and (A,,C.) are equivalent and the corresponding
isomorphism is given by u, +— u, — a. Thus we established a correspondence
between the group H 2’1(.,4) and the set of classes of equivalent coverings over A.
Note that the dg-cohomology class of w is “killed” in (A, C, ), since, by definition,

. h .
icx dguw = Lex uy =iex w

for any X € D(M).

Let now w1,...,wq, ... be an R-basis in Hg’l(.A). Then by a similar construction,
we can consider the extension (K'A,C!), where K1A = A(uy,, ..., Uu,,...) and
the connection CY is given as above. Evidently the equivalence class of K'A is
independent of basis choice. All elements of H 2’1(.,4) will be killed in KA, but new
ones may arise and we shall kill them by constructing K24 = K(KL1A), etc. Thus
we obtain the series of extensions

(A,Cq) C (K'ACY) C - C (KA, C) c (K*HrA e ...
A A

whose direct limit is denoted by (K*A,C*) and is called the universal Abelian cov-
ering (or extension) of A (cf. [&H]). By construction, Hg’l(lC*.A) =0.

Let again £ be an equation (or a superequation) and 7 : E—E%bea covering.
The any C-differential operator A on £°° can be lifted up to an operator A on £.
In particular, we can consider the operator ¢¢ and solutions of the equations

(4.1) lep =0, @el((mo o), 7).

Solutions of (EW) are called shadows of T-symmetries. We say that a shadow ¢ is
recoverable, if there exists a 7-symmetry S such that S |_7:(g) =9, |_7:(g) . Of course,
not all shadows are recoverable, but the universal Abelian covering is a happy case.

Denote by £ : 8 — £°° the covering corresponding to the extension IC*F(£)
and by & : 8 — £°° the covering corresponding to K*F(E)

4We consider F(m) as an F(r!)-algebra due to ¢ .
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Theorem 4.3 ([EH]). Any € -shadow is recoverable in the covering €.

Though the proof in [EH| was given for nongraded equations, it remains to be
literary valid for the super case as well. Note now that by construction any £°-
shadow is also a £*-shadow. Hence we have a tautological consequence of the above
theorem.

Corollary 4.4. Any €°-shadow is recoverable in the covering €*.

Using this result, we prove the following theorem stating existence of well-defined
action of nonlocal recursion operators in €*.

Theorem 4.5 (action of recursion operators in X*). Let & be a formally integrable
equation and SE be its superization. Consider the universal Abelian extension K*SE
and a € -shadow w of grading 1. Then, if S = Sy is a symmetry of R, then there
exists a series of symmetries in R defined by Si1 =ig, w.

Proof. First, following Theorem B let us recover the shadow w up to a symmetry
S, (of grading 1) in K*SE. Let S be a symmetry of K*£. Then the restriction
is|se is a shadow in K*E (it is a consequence of Remark &) and thus can be
lifted up to a symmetry S~ of K*SE. Since S~ is of grading —1, the commutator
[S7,S,] is of grading 0 and thus can be restricted onto K*€ C K*SE which gives
the result desired. O

Example 4.3. Let u; = ugze + uu, be the KAV equation. Choose the functions
t,T,Ug, - - ., Uk, - - ., where uy corresponds to O¥u/dx*, for the internal coordinates
in £°°. Denote by wy the form dg uy. The form w = ugdz + (uz + 1/2ud)dt is a
dg-closed form with nontrivial cohomology class. Let u_; be the new variable in
the corresponding covering. Then p = wa + 2/3ugwo + 1/3uiw_1 is a shadow in €*.
The corresponding recursion operator is D2 +2/3ug+1/3uiw—1 and coincides with
the classical one, [E&]. Other, less trivial examples one can find in [EERE]].

5. CONCLUDING REMARKS

I want to finish this paper with mentioning some topics not discussed above
— partially because of lack of space, but mainly because they need to be more
clarified.

1. C-COHOMOLOGIES AND POISSON STRUCTURES. As it was mentioned in the
Introduction, the term F; of Vinogradov’s C-spectral sequence and C-complex intro-
duced here are in a sense mutually dual: while C-cohomologies contain information
on (super)symmetries of equation &£, the (n — 1)-st line in F; (&) consists of (su-
per)conservation laws of the same equation. Moreover, elements of H(E) act on
E1(€) by the Lie derivative and if a cochain map P : Eo(E) — DY(A*(E)) is given,
we can define the bracket on E; (&),

(W], WP = [Lpw) w'], w,w' € Bo(€),

where [ -] denotes the cohomology class. In [Rad [KaZ] it was shown that in the case
when £ of evolution equations and when P is a C-differential operator, (-, )p is a
Poisson bracket, if P (i) satisfies two conditions (skew-symmetry and the Jacobi
identity) deduced in [BSSZH] for the case J*° () and (ii) is a solution of the operator
equation
bgoP+P ol =0,

where A* denotes the operator formally adjoint to A. It seems that the same is
true when & satisfies assumptions of the 2-lines theorem.

2. GENERALIZED CONNECTIONS AND HIGHER DIFFERENTIAL FORMS. The def-
inition of a connection used here (see Definition ) may be fruitfully used in
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different situation generating corresponding cohomology theories. For example,
taking a pair of algebras A C B, one can consider natural transformations of the
functors Diff. (A, o) and Diff . (e). Then, literary repeating the scheme of Section [,
we shall obtain a differential in the module Diff?(A°(*)), where A”(*) denotes the
module of higher differential forms of the algebra B, [Medd]. It is almost obvious
that its 0-cohomology coincides with the module of secondary differential operators
(when B = F(E), see [E3M] for the definition). It would be quite interesting to
consider arising invariants in more details.

3. RELATION TO THE KOSZUL — TATE COMPLEX. Finally, I would like to note
that Example Rl puts the Koszul — Tate complex in a natural geometric framework
which opens promising perspectives for further constructions.
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