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RICCI FLAT 4-METRICS WITH BIDIMENSIONAL NULL ORBITS.

PART I. GENERAL ASPECTS AND NONABELIAN CASE.

D. CATALANO FERRAIOLI AND A. M. VINOGRADOV

Abstract. Pseudo-Riemannian 4-metrics with bidimensional null Killing orbits are
studied. Both Lorentzian and Kleinian (or neutral) cases, are treated simultaneously.
Under the assumption that the distribution orthogonal to the orbits is completely
integrable a complete exact description of Ricci flat metrics admitting a bidimensional
nonabelian Killing algebra is found.

1. Introduction

In this and the forthcoming paper [4] we give an exact description of Ricci flat 4-
metrics g under assumptions that

(i) g admits a Killing algebra G with bidimensional leaves (orbits of G),
(ii) the distribution D⊥ orthogonal to Killing leaves is Frobenius (completely inte-

grable),
(iii) g degenerates when restricted to any Killing leaf.

Condition (i) implies that dimG ≥ 2 and, moreover, that G contains a (not neces-
sarily proper) 2-dimensional subalgebra. There exists only one, up to isomorphism,
2-dimensional nonabelian Lie algebra G2 and the case in which G ⊇ G2 is studied in this
paper. The case G ⊇ A2, A2 being an Abelian 2-dimensional algebra, is the subject of
the forthcoming paper [4].

Condition (iii) subjects such a metric to be either of signature ±(−+++), or (−−++).
Due to their importance in general relativity Lorentzian, i.e., of signature (−+ ++),

Ricci flat metrics were intensively studied for decades. In particular, almost exhaustive
classification of this kind of metrics admitting at least two Killing fields was done. See,
for instance, [13] and [18]. On the contrary, relatively few results were obtained for
Ricci flat Kleinian (or neutral), i.e., of signature (−−++), metrics. We stress from the
very beginning that while new results of this and forthcoming paper [4] concern mainly
Kleinian metrics our approach makes no distinction between these two cases.

Ricci flat manifolds of Kleinian signature possess a number of interesting geometrical
properties and undoubtedly deserve attention in their own right. Some topological
aspects of these manifolds were studied for the first time in [9] and [10] and subsequently
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in [12]. In recent years geometry of these manifolds has seen a revival of interest. In
part, this is due to the emergence of some new applications in physics. For example
the ‘no boundary’ proposal of Hartle and Hawking [7] has suggested the idea that the
signature of the space-time metric may have changed in the early universe. So, assuming
that particles are free to move between Lorentzian and Kleinian regions some surprising
physical phenomena, like time travelling, would be observable (see [1] and [14]). Some
other examples of Kleinian geometry in physics occur in the theory of heterotic N = 2
string (see [11] and [2]) for which the target space is four dimensional.

The problem of describing Ricci flat metrics under assumptions (i) and (ii) that are,
on the contrary to (iii), nondegenerate along the orbits of G was already studied in a
number of works. For instance, Belinsky and Zakharov [3] proved that in the case of
an Abelian bidimensional algebra G = A2 vacuum Einstein equations ric (g) = 0 are
integrable by means of the inverse scattering problem method (see also [5] and [6]). In
the case of a nonabelian bidimensional algebra G = G2, instead, it has been proved (see
[15], [16], [17]) that the corresponding Ricci flat metrics are parametrized by solutions
of a linear equation in two variables. So, this paper together with [4] completes the
study of Ricci flat metrics that are subject to (i) and (ii).

Assumption (iii) naturally splits into two subcases according to whether the rank of
g restricted to Killing leaves is one or zero. Hence, in order to distinguish various cases
occurring in the sequel, we use the notation (G, r) when referring to a metric satisfying
assumptions (i)-(iii) and of rank r = 0, 1 along leaves of G.

In this paper we use an approach similar to that of [15]. Namely, we first find normal
forms of (G, r)-type metrics that are subject to (i)-(iii) and then analyze the corre-
sponding reduction of the Einstein equations. Condition (i) implies that (see section
3 below) dimG = 2 or 3. If dimG = 3, then a further analysis shows that G is either
the Abelian algebra A3, or the Heisenberg algebra H according to whether r = 0 or
r = 1, respectively. This is a generalization of a result by Petrov (see [13]) concerning
Lorentzian metrics.

It is interesting that the zero rank assumption for Ricci flat metrics turns out to
be incompatible with assumptions (i) and (ii) for G = G2 in contrast to the abelian
case.(see [4]). Moreover Ricci flat metrics of type (G2, 1) are Kleinian (see proposition
(7) below).

In this paper we discuss only local forms of Ricci flat metrics in question. The global
aspects will be discussed separately.

The paper is organized as follows.
In section 2, necessary definitions and preliminaries used throughout the paper are

collected. Then we construct for G = A2,G2 some special charts, adapted to assumptions
(i)-(iii). These charts are key in the subsequent analysis of the problem. In section 3,
3-dimensional Killing algebras are described by generalizing to Kleinian metrics a result
by Petrov (see [13]). In section 4 we introduce a non-holonomic frame field in which the
Ricci tensor takes a particularly simple form in the case (G, 1). We also prove that the
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zero rank assumption for Ricci flat metrics is incompatible with assumptions (i) and
(ii) when G = G2. In sections 5 we solve explicitly the equation ric(g) = 0 in the case
(G2, r).

Throughout the paper the following notations and conventions are adopted:

• manifolds, maps, metrics, etc. are assumed to be smooth and manifolds to be
connected;

• D(M) denotes the Lie algebra of all vector fields on a manifold M ;
• the term metric refers to a non-degenerate symmetric (0, 2)- tensor field and g

stands for a metric on M of the type we are studying;
• the term Killing algebra refers to a sub-algebra of the Lie algebra of all Killing

vector fields of g;
• integral submanifolds of the distribution generated by vector fields of a Killing

algebra G are called Killing leaves and the Killing leaf passing through p ∈ M
is denoted by Kp;

• D denotes the tangent to Killing leaves bidimensional distribution and D⊥ the
g-orthogonal to it;

• A2 and G2 stand for bidimensional Abelian and nonabelian Killing algebras,
respectively;

• A3 and H stand for 3-dimensional Abelian and Heisenberg Killing algebras,
respectively;

• (G, r) refers to the case of metrics of rank r = 0, 1 along 2-dimensional leaves of
the Killing algebra G.

2. Adapted coordinates

When dimG = 2 it is convenient to treat both cases, abelian and non, simultaneously.
To this end we consider the bidimensional Lie algebra G generated by e1 and e2 such
that [e1, e2] = se2, s ∈ R. Obviously, G is isomorphic to G2 if s �= 0 and to A2 otherwise.

Assume that G is realized as an algebra of Killing vector fields of a metric g on a
manifold M , i.e., there exists a representation of G, say ρ : G → D(M), such that ρ(ξ)
is a Killing vector field for g, ∀ξ ∈ G.

The distribution D generated by vector fields ρ(ξ), ξ ∈ G, is completely integrable
and of dimension two in view of the following elementary fact [15].

Lemma 1. Let X �= 0 be a vector field on M . If X and fX, f ∈ C∞(M), are both
Killing vector fields of a metric on M , then f is a constant.

In other words, ρ is automatically faithful, i.e., kerρ = 0, so that G and ρ(G) are
identified naturally. In what follows we shall consider G as a sub-algebra of the algebra
D(M) of vector fields on M and put X = ρ(e1), Y = ρ(e2), X, Y ∈ D(M).

Metrics g’s we are considering in this paper are assumed becoming degenerate when
restricted to any Killing leaf. In other words, the restricted tensor g|Kp

for a generic
p ∈ M may be either of rank 1, or of rank 0. These two cases are studied separately.
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2.1. Metrics of type (G, 1), dimG = 2. In this case there exists a 1-dimensional
tangent to Killing leaves distribution that associates to a point p ∈ M the kernel Cp of
the tensor g|Kp

on Kp at p. This distribution, called characteristic, will be denoted by

C = {Cp} and we shall refer to Cp as the characteristic direction at p.
A vector field C belonging to the characteristic distribution will be also called char-

acteristic. In such an instance we write C ∈ C and similarly for other distributions we
shall deal with.

The 3-dimensional distribution C⊥, g-orthogonal to C, obviously contains the 2-
dimensional distribution D⊥, g-orthogonal to D. In its turn D⊥ contains the char-
acteristic distribution C.

Observe that the intersection of distributions D and D⊥ is exactly the characteristic
distribution (i.e., Dp∩D⊥

p = Cp, ∀p ∈ M). So, a vector field U ∈ D⊥ which is transversal

to D generates together with a characteristic field C the distribution D⊥.
Obviously, U is determined uniquely up to a transformation

(1) U −→ U ′ = λU + µC

for some λ, µ ∈ C∞(M), λ being everywhere non zero.
While C is the intersection of distributions D and D⊥, the distribution C⊥ is the span

of them in the sense that C⊥
p = span(Dp,D⊥

p ), ∀p ∈ M . Therefore, C⊥ is generated by

X, Y and U . The following lemma is needed to prove integrability of C⊥.

Lemma 2. Let C ∈ C and K ∈ G, then

(2) [K, C] = fC

for some f ∈ C∞(M).

Proof. Recall the well-known formula for the Lie derivative of g along a vector field X1:

LX1(g)(X2, X3) = X1 (g (X2, X3)) − g ([X1, X2], X3) − g (X2, [X1, X3]) .

If X1, X2 ∈ D and X3 ∈ C, then g (X2, X3) = g ([X1, X2], X3) = 0, since [X1, X2] ∈ D
for X1, X2 ∈ D. Therefore, if X1 is a Killing vector field,i.e., LX1(g) = 0, then

g (X2, [X1, X3]) = 0

for any X2 ∈ D and, therefore, [X1, X3] is a characteristic vector field. �
Proposition 1. The distribution C⊥ is completely integrable.

Proof. Since C⊥ is generated by fields X, Y and U it suffices to show that their com-
mutators belong to C⊥ as well. Trivially, [X, Y ] = sY ∈ D ⊂ C⊥.

Let C ∈ C. Then

0 = LX(g)(U, C) = LX (g (U, C)) − g ([X, U ], C)− g (U, [X, C]) .

Here g(U, C) = 0 by hypothesis while g (U, [X, C]) = 0 in view of lemma 2, so that
g (C, [X, U ]) = 0 ⇐⇒ [X, U ] ∈ C⊥. Similarly for [Y, U ]. �



RICCI FLAT 4-METRICS WITH BIDIMENSIONAL NULL ORBITS - PART I 5

By the Frobenius theorem there exists a unique 3-dimensional integral submanifold
of the distribution C⊥ passing through a point a ∈ M . Denote it by Pa.

After these preliminaries we are ready to construct an adapted local chart in a neigh-
borhood of a point a ∈ M . To this end choose a curve γ(v), with v running through
an interval I ⊂ R, that passes through a and is transversal to all submanifolds Pγ(v)’s.
Next consider the local flow {ϕu} generated by a nowhere vanishing field U ∈ D⊥ de-
fined in a neighborhood of a and transversal to Killing leaves. Then (u, v) �−→ ϕu(γ(v))
with (u, v) ranging in a ”small” domain U in R2 is a parametric surface Σ in M . By
construction, Σ is transversal to Killing leaves.

The local chart ψ(x, y, u, v) = (Ax ◦ By ◦ ϕu)(γ(v)) with {Ax}and {By} being local
flows generated by X and Y , respectively, and (x, y, u, v) ranging over a suitable ”small”
domain in R4 is called almost adapted.

The following properties of an almost adapted chart will be used further.

Proposition 2. For any almost adapted chart (x, y, u, v) it holds:

(a) X = ∂x, Y = esx∂y;
(b) vector fields ∂u and ∂v are invariant with respect to flows {Ax} and {By};
(c) ∂u ∈ D⊥.

Proof. Denote by F (Z) ∈ D(N) the image of a vector field on Z ∈ D(M) under a
diffeomorphism F : M → N . Recall that

F (Z) =
(
F−1

)∗ ◦ X ◦ F ∗

(as derivation of the algebra C∞(N)).
(a) If f ∈ C∞(M), then

∂

∂x
f (x, y, u, v) =

∂

∂x
f ((Ax ◦ By ◦ ϕu) (γ (v)))

=
∂

∂x
[((Ax ◦ By)

∗ (f)) (ϕu (γ (v)))]

=
∂

∂x

[((
B∗

y ◦ A∗
x

)
(f)

)
(ϕu (γ (v)))

]

=

((
B∗

y ◦
d

dx
(A∗

x)

)
(f)

)
(ϕu (γ (v))) .

Since
d

dx
◦ A∗

x = A∗
x ◦ X, one proceeds as

((
B∗

y ◦ A∗
x ◦ X

)
(f)

)
(ϕu (γ (v))) = X (f) ((Ax ◦ By ◦ ϕu) (γ (v)))

= X(f)(x, y, u, v).

This proves that
∂

∂x
= X.
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Similarly,

∂

∂y
f (x, y, u, v) =

((
B∗

y ◦ Y ◦ A∗
x

)
(f)

)
(ϕu(γ(v)))

=
((

B∗
y ◦A∗

x ◦ Ax(Y )
)
(f)

)
(ϕu(γ(v)))

= Ax(Y )(f)(x, y, u, v),

so that
∂

∂y
= Ax(Y ). On the other hand,

d

dt
At(Y ) =

d

dt

(
A∗

−t ◦ Y ◦ A∗
t

)
= −X ◦ At(Y ) + At(Y ) ◦ X = [At(Y ), X],

that is

(3)
d

dt
At(Y ) = [At(Y ), X].

But At(Y ) is tangent to Killing leaves and, therefore, At(Y ) = α(t)X + β(t)Y . In
these terms equation (3) reads as

α̇ = 0, β̇ = −sβ.

Moreover, from A0(Y ) = Y one sees that α(0) = 0 and β(0) = 1. This shows that
α = 0 and β = e−st, that is At(Y ) = e−stY , and therefore Y = esx∂y.

(b) Straightforwardly from (a), since ∂u and ∂v commute, obviously, with X and Y .
(c)For a given p ∈ Σ the curve λp : u �→ ϕu(p) is, by construction, g-orthogonal

to Killing leaves. Since Ax ◦ By is a local isometry of g the curve Ax ◦ By ◦ λp is
also orthogonal to Killing leaves. It remains to observe that (see (b)) these curves are
trajectories of ∂u. �

Now we have to fix some peculiarities of components of g in an almost adapted chart
(x, y, u, v).

First of all, by Proposition 2(a), vector fields ∂x, and ∂y are tangent to Killing leaves.
Hence, g(∂x, ∂u) = g(∂y, ∂u) = 0 by Proposition 2(c). Moreover, for any Killing leaf K
the tensor g|K being of rank one has the form

g|K = ±(c2dx − c1dy)2,

c1, c2 being some functions in (x, y, u, v). So, the vector field

C := c1∂x + c2∂y

is characteristic. Therefore, the matrix (gij) has the following form

(gij) =

(
F T

TT S

)

with

F := ε0

(
c2
2 −c1c2

−c1c2 c2
1

)
, T :=

(
0 t 1

0 t 2

)
, S =

(
r p
p q

)
.
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Here ε0 = ±1 and t1, t2, p, q are some functions in (x, y, u, v).

By observing that det(gij) = −ε0r (c1t1 + c2t2)
2 one gets that r = g(∂u, ∂u) and

c1t1 +c2t2 are everywhere nonzero. In particular, this allows one to construct an almost
adapted chart with r = ±1. In fact, since U and ∂u both belong to D⊥, it results from
(1) that U = λ∂u + µC. Hence

g(∂u, ∂u) =
g(U, U)

λ2
.

It suffices now to normalize U to g(U, U) = ±λ2.
An almost adapted chart (x, y, u, v) will be called adapted if r = g(∂u, ∂u) = ±1. So,

the above considerations prove existence of adapted charts.
The fact that X = ∂x is a Killing vector field implies, obviously, that the components of

g in an almost adapted chart do not depend on x. Moreover, a direct simple computation
shows that Killing property of Y = esx∂y implies in its turn that c1, t2, p and q are
arbitrary functions in (u, v) and if we respectively denote c1 and t2 simply by α and b
then {

c2 = syα(u, v) + β(u, v)

t1 = −syb(u, v) + a(u, v).

In particular, the characteristic vector field C now reads

(4) C := α∂x + (syα + β)∂y

and [C, X] = [C, Y ] = 0.
The distribution D⊥ is generated by fields ∂u and C. So, it is completely integrable

if and only if

[∂u, C] = h∂u + fC,

that is

αu∂x + (syαu + βu)∂y = h∂u + fα∂x + f(syα + β)∂y

for some h, f ∈ C∞(M). This, obviously, implies h = 0.
We sum up the obtained results in the following proposition.

Proposition 3. Let g be a metric subject to conditions (i), (ii) of the introduction and
of rank one along Killing leaves. Then in an adapted chart (x, y, u, v) it has the form

(5)
g = ε0 ((syα + β) dx − αdy)2 + 2(−syb + a) dxdv + 2bdydv

+ε1du2 + 2pdudv + qdv2

where ε0, ε1 = ±1 and α, β, a, b, p, q are functions in (u, v).
The distribution D⊥ is integrable if and only if

(6)

{
αu = fα,

βu = fβ
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and the field (4) and ∂u satisfy the commutation relation

[∂u, C] = fC

for a function f ∈ C∞(M).

2.2. Metrics of type (G, 0), dimG = 2. First, note that this case is characterized by
the fact that D⊥ = D. So, assumption (ii) of the introduction is satisfied automatically
and any 1-dimensional distribution C tangent to Killing leaves may be ”declared” as a
characteristic one. If, moreover, C is preserved by the algebra G, i.e., [X, Z], [Y, Z] ∈
C, ∀Z ∈ C, then one obtains a geometrically privileged chart just by substituting C
for C in the construction of the previous section. The only difference coming out in
the considered context is that the component r = g(∂u, ∂u) is not necessarily nowhere
vanishing and, so, can not be normalized to ±1 in such a case.

Observe further that the vector field sY generates the derived algebra of G. So, with
the distribution Y generated by sY we eliminate the arbitrariness in the choice of C.
Thus we call adapted a local chart that is constructed according to the scheme of the
preceding section in which C is replaced by C.

We shall keep the notation (x, y, u, v) for adapted coordinates in the considered con-
text as well. It should also be noted that the analogue of Proposition 3 in which
assertion (3) is modified to ∂u ∈ C holds.

In an adopted chart (x, y, u, v) the matrix of g looks as

(gij) =

(
O H

HT B

)

with

H :=

(
α β
0 b

)
B :=

(
r p
p q

)

α, β, b, p, q, r being some functions in (x, y, u, v). Observe that det (gij) = α2b2 and both
functions α and b are nowhere vanishing.

It is easy to see now that if X = ∂x and Y = esx∂y are Killing vector fields then α, r, p
and q are arbitrary functions in (u, v) and

β = −syb(u, v) + a(u, v).

Since the form of the metric is preserved under the transformation (x, y, u, v) �−→(
x, y,

∫
αdu, v

)
, one may assume without loss in generality that in the adapted coordi-

nates α = 1. Hence we have.

Proposition 4. Let g be a metric admitting a bidimensional Killing algebra and van-
ishing along Killing leaves. Then in an adapted chart (x, y, u, v) it has the form

(7) g = 2dxdu + 2(−syb + a)dxdv + 2bdydv + rdu2 + 2pdudv + qdv2

with a, b, p, q, r some functions in (u, v).
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3. Metrics of type (G, r), dimG > 2

In this section our aim is to prove the following

Proposition 5. For metrics of type (G, r) with dimG > 2, either G = A3 and r = 0,
or G = H and r = 1.

which generalizes to Kleinian metrics a result by Petrov (see [13] ). Before passing to
the proof of 5 we collect some useful facts.

First, recall (see [8])

Lemma 3. Given a metric g then [LX, iY ](g) = i[X,Y ](g) for any vector fields X and
Y .

In other words, LX(iY (g)) = i[X,Y ](g) + iY (LX(g)).

Corollary 1. Let X be a Killing field of a metric g. Then LX(iY (g)) = i[X,Y ](g), for
any vector field Y.

The following lemma that generalizes lemma 1 is a consequence of the formula

(8) LfX(g) = fLX(g) + iX(g)df

where X ∈ D(M), f ∈ C∞(M) and the second term in the right hand side is twice the
symmetric product of two differential 1-forms.

Lemma 4. Let X1, X2 and f1X1 + f2X2, f1, f2 ∈ C∞(M), be Killing fields of a metric
g, then

(1) if X1 and X2 are R-independent, then either f1 and f2 are functionally indepen-
dent, or f1 and f2 are constant;

(2) if X1, X2 and f1X1 + f2X2 are R-independent, then f1 and f2 are functionally
independent and there exists a non vanishing function λ such that

(9) iX1(g) = λdf2, iX2(g) = −λdf1.

Proof. (1) A consequence of (8) (see [15] (section 7) for more details).
(2) In virtue of (1), f1 and f2 are functionally independent. Formula (8) gives 0 =

LX3(g) = iX1(g)df1 + iX2(g)df2. Since df1 and df2 are independent, this relation implies
that df1 divides iX2(g) and df2 divides iX1(g). �
Lemma 5. Let X1, X2 and f1X1 + f2X2, f1, f2 ∈ C∞(M), be R-independent Killing
fields of a metric g. Assume that the 2-dimensional distribution D generated by X1 and
X2 is completely integrable and g degenerates on its leaves. Then

(1) if g completely degenerates along the leaves of D then {X1, X2, f1X1 + f2X2}
spans a 3-dimensional Abelian Killing algebra;

(2) if [X1, X2] = f1X1 + f2X2, then {X1, X2, f1X1 + f2X2} spans a Lie algebra
isomorphic to H and g has rank one on the leaves of D ;
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(3) if [X1, X2] = sX2, s = 0, 1, and g has rank one on the leaves of D then s = 0
and {X1, X2, f1X1 + f2X2} spans a Lie algebra isomorphic to H .

Proof. (1) The previous lemma shows that f1 and f2 are functionally independent.
Moreover, as it is easy to see from (9), one has

(10) g(X1, X1) = λX1(f2),

g(X1, X2) = −λX1(f1) = λX2(f2), g(X2, X2) = −λX2(f1).

Since g completely degenerates on the leaves of D, i.e., g(Xi, Xj) = 0, i, j = 1, 2,
relations (10) imply Xi(fj) = 0, i, j = 1, 2. Then [X1, f1X1 + f2X2] = f2[X1, X2] and
[X2, f1X1 + f2X2] = f1[X2, X1] are two proportional Killing fields and lemma 1 now
implies that [X1, X2] = 0.

(2) Corollary 1 gives

LX1(iX1(g)) = LX2(iX2(g)) = 0,

LX1(iX2(g)) = −LX2(iX1(g)) = i[X1,X2](g).

In view of (9) and [X1, X2] = f1X1 + f2X2 these relations become

(11)

X1(λ)df2 + λd(X1(f2)) = 0,

X2(λ)df1 + λd(X2(f1)) = 0,

−X1(λ)df1 − λd(X1(f1)) = λ (f1df2 − f2df1) ,

X2(λ)df2 + λd(X2(f2)) = λ (−f1df2 + f2df1) .

Since X1(f1) = −X2(f2) (see (10)) the difference of last two relations (11) is as follows:

(X1(λ) − 2λf2) df1 + (X2(λ) + 2λf1) df2 = 0.

So, since f1 and f2 are functionally independent

(12) X1(λ) = 2λf2, X2(λ) = −2λf1.

Then substituting (12) into (11) one gets

(13) X1(f1) = −f1f2 + c, X1(f2) = −f2
2 + c1,

X2(f1) = f2
1 + c2, X2(f2) = f1f2 − c

with c, c1, c2 ∈ R.
Hence the following commutation relations hold

[X1, [X1, X2]] = cX1 + c1X2, [X2, [X1, X2]] = c2X1 − cX2.

On the other hand, g degenerates on Killing leaves of D iff∣∣∣∣ X1(f1) X1(f2)
X2(f1) X2(f2)

∣∣∣∣ = 0

but in view of (13) this is equivalent to −c1f2
1 + 2cf1f2 + c2f2

2 − (c1c2 + c2) = 0.
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The last relation establishes a functional dependence between f1 and f2 if at least one
of constants c1, c2 and c is different from zero. So, c1 = c2 = c = 0 and [X1, [X1, X2]] =
[X2, [X1, X2]] = 0. Thus fields X1, X2 and [X1, X2] span an algebra isomorphic to H.

(3)The proof is obtained by modifying the previous one. In fact, using the relation
[X1, X2] = sX2 instead of [X1, X2] = f1X1 + f2X2, one easily finds the following ana-
logues of (12) and (13)

(14) X1(λ) = 2sλ, X1(f1) = −sf1 + c, X1(f2) = −sf2 + c1,

X2(λ) = 0, X2(f1) = c2, X2(f2) = sf1 − c,

with c, c1, c2 ∈ R. In this case the degeneracy of g on the leaves of D gives the conditions
s = 0, c2 + c1c2 = 0 and, therefore, the following commutation relations:

[X1, X2] = 0,

[X1, f1X1 + f2X2] = cX1 + c1X2, [X2, f1X1 + f2X2] = c2X1 − cX2.

Relations (10) show that g vanishes on leaves of D iff Xi(fj) = 0, ∀i, j. In view of (14)
and s = c2 + c1c2 = 0 this is equivalent to c1 = c2 = c = 0. Since in the considered case
the restricted to leaves metric is of rank 1, c1c2 �= 0. Now it is easy to see that X1, X2

and f1X1 + f2X2 span an algebra isomorphic to H. �
Proof of proposition 5. Assume that g degenerates along leaves of the distribution D
defined by X and Y and dimG > 2. The proof now proceeds in two steps.
Step 1. First observe that G contains a sub-algebra either isomorphic to A3, or to

H. In fact, if r = 0, then according to lemma 5.1, G ⊇ A3. If r = 1, then two cases can
occur:
a)[X, Y ] = f1X + f2Y , with f1, f2 ∈ C∞(M) functionally independent;
b)[X, Y ] = k1X + k2Y , with k1, k2 ∈ R.

The case (a) is literally lemma 5.2. In the case (b) X and Y span a bidimensional Lie
algebra and in order to apply lemma 5.3 it suffices to pass to a basis of this algebra,
say, X1 and X2, such that [X1, X2] = sX2.
Step 2. We prove that dimG = 3. Assume that X1, X2 and f1X1 + f2X2 are as in

lemma 5 and let Z̄ = f̄1X + f̄2Y be a Killing field R-independent from {X1, X2, f1X1 +
f2X2}. Then (see lemma 4.2)

iX(g) = λdf2 = λ̄df̄2, iY (g) = −λdf1 = −λ̄df̄1, λ �= 0, λ̄ �= 0.

These relations imply that f̄1 = f̄1(f1), f̄2 = f̄2(f2) and f̄ ′
1 = f̄ ′

2. Therefore f ′
1 = f ′

2 = c
and f̄1 = cf1 + c1, f̄2 = cf2 + c2, c, c1, c2 ∈ R, and Z̄ belongs to the span of X, Y and
Z. �

Now we shall describe metrics (5) of type (H, 1) and metrics (7) of type (A3, 0).

Corollary 2. If g is a metric of type (H, 1), then there exists an adapted chart (x, y, u, v)
such that:

(1) H = 〈{∂x, ∂y, v∂x + x∂y}〉;
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(2) coefficients of the metric (5) are subject to

α = 0, a = 0, b = −ε0β
2.

Proof. Assume that Killing fields X, Y and Z = f1X + f2Y form a basis of an algebra
G isomorphic to H and [X, Y ] = [Y, Z] = 0, [X, Z] = Y . Consider an adapted chart
(x, y, u, v) with respect to X and Y . Then X = ∂x, Y = ∂y and obviously f1 = ξ(u, v)
and f2 = x+ η(u, v). Observe that ξ �= const since, otherwise, Z − f1X = f2Y ∈ G and
f2 must be a constant according to lemma 1. Killing equation LZ(g) = 0 for the metric
(5) gives ⎧⎨

⎩
α = 0,

ξ = ξ(v), η = η(v),

a = ε0η′β2, b = −ε0ξ′β2.

Now, since in the chart {x̄ = x + η, ȳ = y, ū = u, v̄ = ξ} the form of metric (5) (with
s = 0) is preserved, without loss in generality one may assume that ξ = v and η = 0.
In such an adapted chart Z = v∂x + x∂y and a = 0, b = −ε0β

2. �
Corollary 3. If g is a metric of type (A3, 0), then there exists an adapted chart
(x, y, u, v) such that:

(1) A3 = 〈{∂x, ∂y, v∂x + η(u, v)∂y}〉, with ηu �= 0;
(2) coefficients of the metric (7) are subject to

(15) a =
ηv

ηu

, b = − 1

ηu

.

Proof. As before we assume that X, Y and Z = f1X + f2Y form a basis of a Killing
algebra isomorphic to A3. In an adapted to {X, Y } chart (x, y, u, v) one has X =
∂x, Y = ∂y and Z = ξ(u, v)∂x + η(u, v)∂y. Functions f1 = ξ(u, v) and f2 = η(u, v) are
functionally independent (see lemma 4). Killing equation LZ(g) = 0 for the metric (7)
gives ⎧⎨

⎩
ξ = ξ(v),

ξv + ηub = 0,

ξva + ηvb = 0.

Now, since in the chart {x̄ = x, ȳ = y, ū = u, v̄ = ξ} the form of metric (7) is preserved,
one may assume without loss in generality that ξ = v. In such an adapted chart

Z = v∂x + η(u, v)∂y and a =
ηv

ηu
, b = − 1

ηu
. �

4. Ricci tensor for metrics of type (G, r), dimG = 2

Throughout the paper the following definition of the Ricci tensor is used

ric(X, Y ) := tr(W �→ R(W, X)Y ).

Its components, with respect to the local chart {x1, x2, x3, x4} in question, will be
denoted by Rxixj .
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Sometimes it is more convenient to work with components of ric with respect to a
non-holonomic frame field {ei}. In such cases the components ric(ei, ej) of ric will be
denoted by R(i)(j). We recall that they read

(16) R(i)(j) = e[j(γ
h
h]i) + γh

[j|k|γ
k
h]i − ck

jhγ
h
ki

where the γl
ij’s are the Christoffel’s symbols

(17)
γl

ij =
1

2
glh (−eh(gij) + ei(ghj) + ej(ghi))

−1

2
(cl

ji + gklghich
jk + gklghjch

ik)

and the ch
ij’s are such that [ei, ej] = ch

ijeh.
Now we pass to collect some needed facts concerning the Ricci tensor.
The case (G,1), dimG = 2. Observe that in the basis of 1-forms

θ1 = (syα + β)dx− αdy

θ2 = (−sby + a)dx + bdy

θ3 = du

θ4 = dv

metric (5) reduces to the following simple form

g = ε0θ
2
1 + 2θ2θ4 + ε1θ

2
3 + 2pθ3θ4 + qθ2

4.

So it is more convenient to work with components of the Ricci tensor in the non-
holonomic frame of vector fields dual to {θi} :

(18) e1 = m−1 (b∂x + (sby − a) ∂y) , e2 = m−1C, e3 = ∂u, e4 = ∂v

with m = αa + βb.
The fact that e2 is proportional to the characteristic vector field C simplifies much

the further computations. In fact, it is readily seen that in the frame (18), the only
non-vanishing ck

ij’s are

c1
12 =

αs

m
, c2

12 = −bs

m
, c1

13 =
αua + βub

m
, c1

14 =
αva + βvb

m
,

c2
13 =

aub − abu

m
, c2

14 =
avb − abv

m
, c1

23 =
αβu − αuβ

m
,

c1
24 =

αβv − αvβ

m
, c2

23 =
αau + βbu

m
, c2

24 =
αav + βbv

m
and a straightforward computation based on formulas (16) and (17) shows that

(19) R(2)(2) =
s2α2

m2
.
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It is worth stressing that the simplicity of the component R(2)(2) is due to both the
choice of frame (18) and to condition (ii) above.
The case (G,0), dimG = 2. In this case, a direct computation shows that in an

adapted chart

(20) Rxx = −s2

2
.

5. Ricci flat metrics of type (G2, r)

In this case s �= 0 so that, in view of (19), the component R(2)(2) for a metric of type
(G2, 1) vanishes iff

(21) α = 0

This is equivalent to the fact that the Killing field Y is characteristic (see proposition
3).

So, in view of (21) and (20) one gets the following

Proposition 6.

(1) For any Ricci flat metric of type (G2, 1) the Killing vector field Y is character-
istic;

(2) There do not exist Ricci flat metrics of type (G2, 0).

Now we shall show how to solve Einstein equations ric (g) = 0 for metrics of type
(G2, 1).

Starting from condition (21), we shall proceed by simplifying and solving all the
remaining Einstein’s equations.

To simplify the exposition this procedure will be subdivided into following 5 steps.

Step 1. In view of (21), a direct computation shows that R(1)(3) = (bu − 2fb)/ (2βb).
So, R(1)(3) = 0 iff

(22) bu = 2fb.

Step 2. Taking into account (22) one finds that R(3)(3) = 3fu+3f2, so that R(3)(3) = 0
iff

(23) fu = −f2.

From (22) and (23) one easily gets

(24) f =
k

u + ϕ
, b = ψ (u + ϕ)2k

with ψ = ±eν, ϕ and ν being two arbitrary functions of v and k = 0, 1.
Step 3. In view of (21), (22) and (23) components R(1)(1) and R(2)(4) reduce to

R(1)(1) = ε0R(2)(4) = (ε1 + 4ε0f2β2)/ (2ε1β2).
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Hence, for a Ricci flat metric, we have the relation 4f2β2 = −ε0ε1 which is equivalent
to

(25) β = ±u + ϕ

2
, ε0 = −ε1, k = 1.

Step 4. Now relations (21), (22), (23) and (25) allow to simplify much the original
expression for R(3)(4) which becomes

R(3)(4) = −2ε1(−f2p − f2au + 2f3a − ε1fv).

Hence R(3)(4) = 0 is equivalent to

p = −au + 2fa − ε1
fv

f2
.

Step 5. Finally the remaining non-vanishing component of the Ricci tensor is R(4)(4):

R(4)(4) =
(quu − fqu + (2auu − 2fau)v − 6 (au − 2fa) fv) b

2ε1b

+
(−2au u + 2fau) bv

2ε1b

and equation R(4)(4) = 0 reads

(26) quu − fqu = (2au u − 2fau)
bv

b
− (2auu − 2fau)v + 6(au − 2fa) fv.

To solve this equation observe, first, that in view of (24)

bv

b
=

ψ′(u + ϕ)2 + 2ϕ′ψ(u + ϕ)

ψ(u + ϕ)2
=

ψ′

ψ
+ 2

ϕ′

u + ϕ
= ν′ + 2ϕ′f

and then that

auu − fau =
(fau)u

f
, (auu − fau)v =

(fauv)u

f
+ ϕ′f2au.

This allows to rewrite (26) as

(fqu)u = 2ν′(fau)u − 2(favu)u − 4ϕ′(f3a − f2au)u

which is readily integrated

q = 2(ν′a− av) +
4aϕ′

u + ϕ
+ (u + ϕ)2σ0 + χ0

with arbitrary σ0 = σ0(v) and χ0 = χ0(v).
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Thus the general solution of the Einstein equations for metrics of type (G2, 1) is

(27)

g = −ε1 (u + ϕ)2

4
dx2 − 2

(
ε2yeν (u + ϕ)2 − a

)
dxdv

+2ε2eν (u + ϕ)2 dydv + 2

(
2a

u + ϕ
− au + ε1ϕ′

)
dvdu+

+ε1du2 +

(
2(ν′a− av) +

4aϕ′

u + ϕ
+ (u + ϕ)2σ0 + χ0

)
dv2

with ε1, ε2 = ±1, and arbitrary a = a(u, v), ϕ = ϕ(v), ν = ν(v), σ0 = σ0(v) and
χ0 = χ0(v).

In order to simplify the form (27) of the metric we pass to coordinates (x̄, ȳ, ū, v̄)
defined by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

x̄ = (u + φ) cosh
(x

2

)

ȳ = 2

(
ε2y − ae−ν

(u + φ)2

)
e−x

ū = (u + φ) sinh
(x

2

)
v̄ =

∫
eνdv.

In terms of these coordinates metric (27) reads

(28) g = ε1

(
dx̄2 − dū2

)
+ 2(x̄ + ū)2 dȳdv̄ +

[
A

(
x̄2 − ū2

)
+ B

]
dv̄2

with A = A(v̄), B = B(v̄) arbitrary functions.
Alternatively one may use coordinates {x̃ = x̄ + ū, ỹ = ȳ, ũ = ε1(x̄ − ū), ṽ = v̄} in

which (28) becomes

(29) g = dx̃dũ + 2x̃2dỹdṽ + [Ax̃ũ + B] dṽ2

The chart (x̃, ỹ, ũ, ṽ) will be called improved adapted.
By summing up the previous results and noting that metric (28) admits a 2-

dimensional distribution of null vectors, generated by the fields ∂x̃ and ∂ỹ, one gets
the following

Proposition 7.

(1) There do not exist Ricci flat 4-metrics of type (G2, 0);
(2) Ricci-flat 4-metrics of type (G2, 1) are Kleinian and are of form (29), and vice

versa.

Remark 1. Comparing this result with that concerning metrics of type (G2, 2) (i.e.,
metrics nondegenerating along Killing leaves), see [15], one may observe that both the
dimensions and complexity of the class of Ricci flat (G, r)-type 4-metrics grows notice-
ably with r.
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