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The N =1 supersymmetric KdV equation: (non)local Hamiltonian and symplectic
structures, recursions, and hierarchies

P. KERSTEN, I. KRASIL/’SHCHIK, AND A. VERBOVETSKY

ABSTRACT. Using methods of [1] and [5], we accomplish an extensive study of the N = 1 supersym-
metric Korteweg-de Vries equation. Our results generalize the ones obtained previously and include:
a description of local and nonlocal Hamiltonian and symplectic structures, five hierarchies of symme-
tries (including a new one), the corresponding hierarchies of conservation laws, recursion operators
for symmetries and generating functions of conservation laws.

INTRODUCTION

There exists a number of super extensions of the classical KAV equation
(see [9] and the references therein). One of them, the so-called N = 1 supersymmetric extension, is

Ut = —Ugge T GUUL + PraxP,
Dt = —Pazz + 3upz + 3uzp, (1)

where ¢ is an odd (fermionic) variable. To deal with this system, it is convenient to introduce a new
independent odd variable € such that D2 = D, (here D denotes the total derivative operator; see
below) and a new odd function

P = p+ Ou.
Then (1) will acquire the form

B = —Byyy + 30D, + 3D, P. (2)

This equation is linear in 6 and reduces to (1) if we equal to each other the corresponding coefficients
at the left- and right-hand sides. System (1) (or equation (2)) was studied before (see, e.g., [3]) and a
number of results related to its integrability were obtained. The aim of our paper is twofold: (1) to fill
in a number of gaps in the existing picture (for example, we describe local and nonlocal Hamiltonian
and symplectic structures, construct recursion operators for symmetries and generating functions of
conservation laws, obtain a new hierarchy of symmetries) and to represent the known results in a more
convenient form; (2) to demonstrate the efficiency of new methods of analysis of integrable systems
described in [4, 5] and based on a general geometric approach to nonlinear PDE [1, 7].

This paper is organized as follows. In Section 1, we present the essential definitions and results
needed for applications paying main attention to the computational aspects rather than to theoretical
ones. All the proofs can be found in [1, 7, 4, 5]. In Section 2, the results for the N = 1 supersymmetric
KdV equation are described. Finally, in the last section we briefly discuss the results and perspectives.

Key words and phrases. Super KAV equation, symmetry, conservation law, Hamiltonian structure, symplectic
structure.
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1. DESCRIPTION OF THE COMPUTATIONAL SCHEME

Here we deal with evolution systems & of the form
Ut:F(yatavla"'avk)v (3)

where both the unknown variable v = (v!,...,v™) and the right-hand side FF = (F!,..., F™) are
vector-functions and v; = 9*v/dy", y and t being the independent variables.

Remark 1. In applications, some of the variables v7, as well as y, may be odd. In particular, in
equation (2) 6 and ® are odd and z is even. Nevertheless, for the sake of simplicity, we expose the
general theory for purely even equations. Necessary corrections needed for the super case the reader
will find in Subsection 1.10.

Two basic operators related to (3),

B ;0
Dy: a_y—‘_zzj:v”la—vg’

K3

0 i O
= — LRI -
" 3t+;Dy( S

are called the total derivatives.

Remark 2. Note that the above expressions for total derivatives contain infinite number of terms. To
make the action of these operators (as well as of similar operators introduced below) well defined, we
introduce the space F(€) of functions smoothly depending on y, ¢t and a finite number of variables

v/, and assume D, and D, to act in this space. Similarly, we shall consider the spaces F™(€) of

79

vector-functions of length m that depend on y, ¢ and v/ in the same way.

1.1. Symmetries. A symmetry of equation (3) is a vector field
S = ngi, S e F(&),
i,j ov;

such that
[S,D,] =[S, D] = 0.

Any symmetry is of the form

0
i.j Ui
where the vector-function f = (f1,..., f™) € F™(€) satisfies the system of equations
oFt .
Dy(ffy=> ——=Di(f)), l=1,...,m. (5)
ij v

The operator at the right-hand side of (5) is called the linearization of F and is denoted by ¢. Thus,
equation (5) acquires the form

Dy(f) = e (f)- (6)

There exists a one-to-one correspondence between symmetries (4) and the corresponding functions
f € F™(E), hence we shall identify symmetries with such functions and use the term ‘symmetry’ for
any function that satisfy (6).
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1.2. Conservation laws and generating functions. A conservation law of system (3) is a pair
Q=Y. T),Y,TecF(E),such that

Dy(Y) = Dy(T). (7)
The function Y is called the density of 2. A conservation law is called trivial if Y = D, (P), T = D;(P)
for some function P € F(&).

To any conservation law there corresponds its generating function defined by
oY [6Y oY
9= 5 T\ sl s )

where

i» = Z(_Dy)i 0

° o7
>0 ov;

is the variational derivative with respect to v/. Generating functions of conservation laws satisfy the
system of equations

Di(g) = —tr(9), (8)
Dt(gl) = Z(Dy)z(%gj>a l= 15"'am7 (9)

]
where £, is adjoint to the operator {p.
Any conservation law is uniquely determined by its generating function and, in particular, € is
trivial if and only if go = 0. Stress that equation (9) may possess solutions that do not correspond to
any conservation law of (3).

1.3. Nonlocal variables. Let us introduce a set of variables w',...,w?,... satisfying the equations

w; :Aj(y,t,...,vf“,...,wﬁ,...), w? :Bj(y,t,...,via,...,wﬁ,...), (10)
that are compatible modulo equation (3), where A7, B’ are some smooth functions depending on a
finite number of arguments. Consider the operators

N Y T 9
Dy:Dy"‘ZAJ@a Dt:Dt+ZB]
J J

owi”
Due to the compatibility conditions, one has
D, =0
modulo (3). The variables w’ are called nonlocal.
Using the operators D,,, D, instead of D, and D, in formulas (5), (7), and (9), we can introduce
the notions of nonlocal symmetries, nonlocal conservation laws, and monlocal generating functions

depending on the new variables w’/. We shall denote the spaces of such symmetries and generating
functions by sym(&) and gf (&), respectively.

Remark 3. An invariant geometric way to introduce nonlocal variables is based on the notion of
covering, see [0, 1, 5, 7].

1.4. ¢- and ¢*-extensions. There are two canonical ways to extend the initial system (3). The first
one is related to the operator £ and is called the {-extension. Namely, let us introduce the nonlocal
variables w! (we shall also denote w{ by wh),j=1,...,m,i=0,1, ..., satisfying the relations

| [ OF
@y =wln @D=Dy (X Goret)
s,l S

Clearly, these equations are consistent modulo (3) and are the consequences of the following ones

j oF |
Wy = sz
4,0 ?

(11)
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In a similar way we construct the £*-extension: the nonlocal variables are pg (pé will also be denoted
by p?) and the defining relations are

Wy =rlns 6= =Dy (XD’ (G—F.lpl)),

J
) ovy

that reduce to the equations

v == 0 (2 (12)

S
and their differential consequences.

Remark 4. The parities of the variables w’ and p’ are opposite to that of v7: if v/ is even, then w’
and p’ are odd and vice versa.

If the initial equation £ was extended by nonlocal variables w’, we can associate to these variables,
in a canonical way, the corresponding w’s and p’s whose ‘behavior’ is governed by linearization or,
respectively, adjoint linearization of equations (10) in the corresponding nonlocal setting.

Associating operators to functions on the £- and £*-extensions. Let F™(E) be the space of vector-valued
functions of length m (see Remark 2). Consider the case when & is not extended by nonlocal variables
first. Let a = (a1,...,am), a; = Zjl a?jw{, afj € F(&), be a linear in w vector-function. Then we put
into correspondence to this function a differential operator A, = ||A¥||: F™(E) — F™(E), where

ij ij
AY = g a;’ D,,.
[

If F(€) contains nonlocal variables, the situation becomes more complicated. We shall consider here
the simplest case when the functions A7 in (10) are independent of w”. Let @® be the variable in the
(-extension associated to the nonlocal variable w?® and b = (b',...,b™), b® = Zﬁ b35P, be a linear in

@ vector-function. Then the corresponding operator A, = [|AY||: F™(E) — F™(E) is of the form

ij i Ty— A~
AY =" DylozajDé. (13)

a l i

For the £*-extension the construction is completely similar.
Below we shall use the notation £™(¢g) and L™ (¢%) for the spaces of vector-functions linear in w,
w and p, p, respectively.

1.5. Recursion operators for symmetries. Let Q € £L™({¢) be a function that satisfies the equation
Dy(Q) = ().
Then the corresponding operator Ag maps sym(€) to sym(€) and thus is a recursion operator for

(nonlocal) symmetries of €.

1.6. Recursion operators for generating functions. Let G € L™ (%) be a function that satisfies
the equation

Di(G) = —13(G).

Then the corresponding operator Ag maps gf(€) to gf (€) and thus is a recursion operator for (non-
local) generating functions of €.
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1.7. Hamiltonian structures. Let A € L™ (¢f) be a function that satisfies the equation
Dy(A) = lp(A).

Then the corresponding operator A4 maps gf(€) to sym(E). We call such maps pre-Hamiltonian
structures. In order A4 to be a true Hamiltonian structure, it has to satisfy two conditions: skew-
symmetry (A% = —A4) and the Jacobi identity for the corresponding Poisson bracket (that amounts
to [Aa, As] =0, where [,] is the variational Schouten bracket, see [2, 1]). Both these conditions are
easily checked in terms of the function A. o

Namely, if A = H >’y H then we consider the function Wa = >, a/'p} p’ and in terms of Wy
the first condition reads

oWy
) 14
Dy P = T2Wa, (14)

3

5 4 W4 oWa\ _
(o) 20 5 ) = )

(6/6v,6/6p) = (6/6vt,...,8/6v™,6/5pt,...,8/6p™) Note also that the compatibility condition for two
Hamiltonian structures A and B amounts to
) WaoWg Wi Wy
—, — : - : : =0. 1
(51}’ 5p) Z( dvt  opt LT opt > 0 (16)

i

while the second one is

The equation & itself is in the Hamiltonian form if it possesses a Hamiltonian structure A and may

be presented as

oY
UV = AAE (17)

for some Y = (Y1,...,Y™).
1.8. Symplectic structures. Let S € L™({¢) be a function that satisfies the equation
Di(8) = ~L3(S).

Then the corresponding operator Ag maps sym(€) to gf () and may be called a presymplectic structure
on £. A presymplectic structure is called symplectic if it enjoys in addition the following properties.
Let S = || >l bw||. Similar to Subsection 1.7, we consider the function Wg = Y, b wiw’ and
impose the conditions

il
oWs
- dwt

i.e., the operator Ag is skew-adjoint, and

56 Ws ,

that means that the ‘form’ Wy s is closed.

w' = —2Ws, (18)

1.9. Canonical representation. As it will be seen below, all the operators constructed in our study

are presented in the form

Soene+> diDy oel,

a>0 Jé]
where ||cf‘j H is an m X m-matrix, de” is an m X [-matrix, and HefH is an [ X m-matrix for some [ > 0
(matrix-valued functions, to be more precise). In the table it is shown how the matrices d and e look
for different types of operators.

Type of operator Lines of matrix d | Columns of matrix e
Recursions for symmetries Symmetry Generating function
Recursions for generating funct. | Generating function Symmetry
Hamiltonian structures Symmetry Symmetry
Symplectic structures Generating function | Generating function
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1.10. Super case. We shall now assume that all objects under consideration belong to the super
setting, i.e., may be either even or odd, which means that they obey the rule

AB = (-1)"PBA.

Here and below, symbols used at the exponents of (—1) stand for the corresponding parity. General-
ization of the above exposed theory to the super case is carried out along the line of [10, 7].
Then the basic formulas to be used in the calculus described above are:
(1) for evolutionary derivations

Dy = Z(—l)*" lDy(W)ﬁ
i i
(naturally, the parity of vj equals that of v/ plus parity of y times i);
(2) for the linearization one has £¢(¢) = (—=1)7¥9,(f) that amounts to
« P 8fa i
(Lp)s = (~nUTHie PR
i i

(3) for the operator adjoint to A = 37, a; D}, one has

AT = 3 ()i

i

%
yDy o a;.

2. MAIN RESULTS FOR THE N = 1 SUPERSYMMETRIC KDV EQUATION
Here we apply the theory described above to equation (2)
D, = —Pppy + 3PP, + 30,90

‘We use the notation

2k k
d;  for 29—2(3:27(]1:
and
921 G+ p
Dhy for G = ggRae

The functions @ are odd while @, 1 are even, the function ® = @ itself being odd.

Gradings. We assign the following gradings [-] to the variables on our equation:
0] =-1/2, [z]=-1, [t]=-3, [®]=3/2.
Respectively, we have
[®r] = (2k + 3)/2, [@k%} =k+2
With these gradings, equation (2) becomes homogeneous (of grading 9/2) and all constructions below

can be considered to be homogeneous as well.

2.1. Nonlocal functions. Here we extend the equation £ by four groups of nonlocal variables. We
present here their 6-components only; the z- and t-components are given in [3] (they are found from
the compatibility conditions).

2.1.1. Group 1. This group includes the even variables qi, g3, g5, defined by
(q1)o = Do,
(g3)0 = 0Py,
(g5)9 = D1 (—Po + 2001 )/2.

Gradings: [q1] =1, [g3] = 3, [g5] = 5.
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2.1.2. Group 2. This group includes the odd variables Q%, Q%, Q% defined by

(Q%)@ =dq1,
(Qs)o = a7 — 643,
(Qg)s = —60D0P1q1 + g7 — 60g7gs + 240gs.

Gradings: [Q ] = 1/27 [Qg} = 5/27 [Q%} = 9/2

1
2

2.1.3. Group 3. This group includes the odd variables Q%, Q%, Q% defined by

(Qu)e = (360@4@% + 5280@3@%(]1 — 760@2@% + 4680@2@%(1)% + 1200®2Q%q%
+601Q5q1 + ®0Q3)/60.

Gradings: [Qz] =3/2, [Qz] =7/2, [Qu] =11/2.

2.1.4. Group 4. This group includes the even variables G1, 3, g5 defined by

(QI)G = Q%v
(@)o = —(Qz +Q34i),
(@)o = (12Qu +42Q7 @1 +6Qzq7 +12QsP11a1 + Q31 — 24Q3q143)/3.

Gradings: [q1] =1, [g3] = 3, [¢5] = 5.

Remark 5. The last three variables are not used directly in the subsequent computations, but clarify
the nonlocal picture and enter in the expressions for the higher terms of hierarchies of symmetries and
generating functions.

2.2. Seeding symmetries. Solving equation (5), which in our case is of the form

Di(f) = —D§(f) + 3Dg(f)®1 + 33 D3(f) + 3D3(f)® + 3%, f.

where D, and Dy are the total derivative operators extended to the nonlocal setting (see Subsection 2.1),
we found a number of solutions that serve as seeding symmetries for constructing infinite hierarchies
and are used to construct nonlocal vectors (see Subsection 2.4 below).

These symmetries are:

The Y}, series.

Y1 =&y,

Ys = @3 — 30,8, — 30®,

Yo = B — 5830 — 1000y + 102,83 — 108,y +20B0®, B,
— 500,
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The Yk% series.

Y: = —12(13362% — 2(1)162% + 36@1@%@% + 36@()@%(1)1% + 1207 P,

Ys = 72@162% — (I)%(h + (I)l%a

N

— 6PD1qy + 1203 g1 — 360,13 — Brq} + 6Py g3+ 32,347 — 68yyq1
+6P;1,

Vi = 24095Q1 + 4093Q5 — 120003Q1 @1 — 240092Q 1 @1
+201Qg — 12091Q5 Py + 2400<I>1Q%®2% — 240091Q 3 @1 — 600D, D3
+ 24001 Pogy — 12090Q 5 P11 + 480090Q 1 1Py — 120099Q 1 P51
— 480%0®4 + 360PoP3q1 + 1920D0PoP 1 — 120 Pagi — 720D 1P 1 ¢
+ 1680001 Py 1 + 2090 P1g; — 1200 P13 + 660<I>3%q1 — 3540@2@1%

— 4093 ¥ + 240<I>2éq3 +36001 P 1g7 — 96001 Py1qr + 120091 @y1

2

[N

+ P47 — 60Dy q7gs + 240D, g5 — 7207, 1 + 2400D ;g — 58,341
+ 1209, 1 q1g3 + 20Dy 1 ¢7 — 120951 g3 — 60P5147 + 120,41 ¢1 — 120®;; .

The Z,, series.

71 =Q1P1 +0(-201Q1 — Prq1 + Py31),

Z3=(3Q:P1q1 —3Q:Py1 + Q301 — 12Q%¢é —3Q1 1101 +6Q1 Py
+601Q1Qz +6P0P1Q1 +0(—1203Q1 — 21Q5 +3601Q1 P
+3690Q1 P11 + 1280y — 6PoP1g1 + 12@2% ¢ — 3611
—®1q] +6P1gs +3P;1¢7 —6Py1q1 +6P51)/3,

Z5 = (~15Q; P1q1 +15Q @13 +120Q3 P g1 — 360Q3 @3 P,y
—10Q3®1q7 +60QsP1gs +30Q3®147 — 60Q3s Py1qr + 60Q3 D31
— QP + 40(2%(1)2% — 5Q%<I)%qf +15Q5P11q1 —20Q35 Poy — 66062%@3%
+ 90Q%<I>2%qf —390Q1 @1 P11 +960Q1 D1 Py1 +5Q1 Pigl
—30Q1P1qigs + GGOQ%Qf% — 1OQ%<I>1%qf —30Q1®11q3 +60Q1 P31
—120Q1 g1 + 1205 — 1200301 Q3 — 60P3P1 — 12002, 3
—209,Q5Q3 — 3091Q1 Q1 +36021Q1Q3P1 — 1021Q1 Q51
— 24091 P2Q1 — 60011 q7 + 601Dy 11 — 12091 ®,1 + 360P0Q1 Q3 P2
— 36000 03Q1 + 12090 D2Q3 + 12000P2Q 1 q1 + 60D P1 Q31
—2000®1Q5 + 7200001 Q1 D1 — 18000®1Q1 g7 + 300DP1 D1
— 90D ®1q7 + 90 P, 1¢7 — 60PoP31 + 0(24095Q 1 +4003Q5
—120003Q; Py — 240092Q; 13 +221Qy — 12091Q;3 Py +24009,Q ;9%
— 240091 Q1 By1 — 600 B3 + 24001 Pogy — 12099Q5 Py 1 + 480000Q1 P11
—120090Q 1 P31 — 480D Py + 3600 P31 + 192000 P2 Py — 12000 ®oq7
— T20@0®1P 3 g1 + 1680DoP1 Py 5 + 2080 P1g7 — 12000 P1g5 + 66087 1
- 3540@2@1% - 40@2% q + 240@2%(]3 + 36091 Py 1¢7 — 960D Py1qn
+ 120091 51 + Q%qi’ — 6()‘1)%(1%(]3 +24091q5 — 720@3%% + 24009, 1 ©y1
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— 50, 1¢] + 12091913 + 20D,167 — 12005193 — 60851 ¢7 + 120®,1 1
— 1209;1)) /5.

The Zk% series.

Z1
Zs

—209, + Dy,

—29,Q3 + 21Q1q1 + 2P P — 4¢’2% + ‘P%Q% —20,1q1 + 2Py
+0(—4®3 + 120, Dy + 12000 1),

—24P3Qs +24P3Q1q1 — 61Q7 + 720:Q3P1 +2P1Qs 1
—360,Q1P1q1 +2491Q1 D11 — 36P1Q1q3 + 48D Dy + T200Q3 Dy 1
— T200Q1 Py 11 + 720 D3 — 48D Pogr — 14401 Py + 48D D147
+0(—48D5 + 240030 ) + 4802y — 4800, DT + 4800, Dy,

= 960Po Py @y + 240D0Pyy) + 13207 — 2491 ¢f + 14403 D1 1

— 19201 Py1 + gy — 24P 1q1g3 — 144<1>§% — 4P, 1q7 +24®, 143
+12®,1 47 — 24®;1q1 + 24P, 1.

)

(S

VA
2

Gradings. There are two points of view on symmetries: as on functions and as on vector fields 9 (see
Subsection 1.1). For functions we have:

[Yﬂ = 5/ [YS] = 9/27 [Y’J] =13/2, odd;
[Ya] =3, [Yz] =5, Yul=7, even;
[Zl} = 5/ [Zg] = 7/27 [Z5] = 13/2, Odd;
[Z%]ZQ [Zg]:4, [Z%]ZG, even.
For vector fields we have
[QYI] = 17 [9}/3] = 3 [Qyﬁ = 57 even;
[Dv,] =3/2, [Ov,] =17/2, Oy, ] =11/2, odd;
[9z,] =1, [9z,] =3, [9z,] =5, even;
[92%]:1/2 [QZ%]:5/2 [QZ%]:9/27 odd.

Note also that the symmetries Y, do not depend on 6, while Z, are linear functions with respect
to 6.

2.3. Seeding generating functions. Solving equation (5), which in our case is of the form

Dy(f) = =D§(f) + 6@1 D (f) — 3%e D3 (f),

we found a number of solutions that serve as seeding generating functions for constructing infinite hi-
erarchies and used to construct nonlocal forms ( see Subsection 2.5 below). These generating functions
are:

The F}, series.

Fy
F

1,
2

1,
d
(=200 D, + 3@2% —®,1)/3
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The F.1 series.

MI:;] tol:}j

=Q1,
=(Qs —12Q 11 + 6P + 6Poq1)/6,

Fy = (Qg —40Q3®; + 720Q%<I>2% —240Q 1 o1 + 12093 + 120®2¢

— 4800, @1 + 60D1¢7 — 480D D1Q1 — 4200 D1 g1 — 240D, 1 + 20Dog}

— 120®0q3),/20.

The Gy, series.

Go =0Q1,

Ga = (3Q1Qs +6®0Q1 +6Qs —120Q 1 D1 + 60D + 60Doq1)/3,

Gi=(-10Q5Qs +15Q1Q;z +120Q1 Qs P1 — 5Q1 Q31 — 1208,Q
—6021Qs — 6020Q3q1 — 20P0Q 5 + 42090Q1 Py + 90<I>0Q%qf
—12020®; — Qg +400Q3 Py — 7209@;1@ +2400Q 1 @51 — 12009,
— 1200®2q; + 480091 D1 — 600P1¢7 + 4800DP1Q 1 + 420090 P11
+ 24009 P, 1 — 200D0g7 + 1200Pog3)/90.

The Gy series.

G_% =4,
G% = —Q% +Q%q1 + 29 —49<I>%,
G% = (3Q% —24@3‘1)% —Qg(h +6Q%<I>%q1 — IQQ%‘I)I% +18Q%Q3 — 24%,

—1201q1 + 84D Py + 6PogT + 960 Py — 144697 + 480P,1) /6.
2

Gradings. These generating functions have the following gradings and parities:

[Fo] = O7 [Fg] = 2, [F4] = 4 even;
[Fi] =1/2, [F3] =5/2, [F9] =9/2, odd;
[Go] =0, [Ga] = 2, [G4] =4, even;
[G,%]Z—l/Q, [G%]=3/2, [G%]Z'?/ odd.

Note again that the generating functions F,, do not depend on 6, while G, are linear functions with
respect to 6.

2.4. Nonlocal vectors. We pass now to the £*-extension of equation (2). The additional coordinates
on this extension are denoted by P = P, P%, Py, etc.

Now we introduce nonlocal variables in the £*-extension that we call nonlocal vectors and which are
defined by

(Py,)o = Y1 Py, (Py,)o = Y3 P, (Py;)o = Y5 Po;
(Pyy)o =Y Py, (Pyy)o =Y Py, (Pyy )o = Y3 P;
(Pz,)o = Z1 Py, (Pz,)e = Z3F, (Pzy)o = ZsPo;
(PZ%)GZZ%POv (PZ%)QZngo, (PZ%)GZZng

where the symmetries Y, and Z, were described in Subsection 2.2.
The z- and t-components of these variables are given in [3].
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Gradings. The variable P is even and we assign grading 0 to it. Then Py are also even variables with
[Py] = k while Py are odd and [P;1] = (2k + 1)/2. Consequently,

[Py, =2, [Py,] =4, [Py,] =6, even;
[Py%} =5/2, [Py%] =9/2, [Py%] = 13/2, odd;
[Pz,] =2, [Pz.] = 4, [Pz.] =6, even;
[Pz, ] =3/2, [Py.]=17/2, [Py,]=11/2, odd.

1
2

2.5. Nonlocal forms. Passing now to the f-extension of equation (2), we introduce the additional
coordinates on this extension that are denoted by Q = g, Q% , 4, ete.
Now we introduce nonlocal variables in the f-extension called nonlocal forms and described by

(Qry)e = QoFo, (Qr,)o = QoFs, (Qp,)o = QoFy;
(QF%)Q_QOF%a (QF%)Q_QOF%a (QF%)QZQOng
(Q26,)0 = Q0Go, (Qc,)o = QoGa, (Q26,)0 = QGy;
(QG,%)Q =0G_1, (QG%)O =0Gs, (ch)e = QG

where the generating functions F,, and G, were described in Subsection 2.3.
The x- and ¢-components of these variables are given in [3].

Gradings. The variable Qg is even and we assign grading 0 to it. Then Qj are also even variables with
[Q] = k, while €1 are odd and [Q;1] = (2k +1)/2. Consequently,

[QFO] = _1/27 [QFQ] = 3/27 [QF4] = 7/2’ odd;
[QF%] = 0, [QF%] = 2, [QF%] = 4, even;
[Qg,] = —1/2, [Qa.] =3/2, Qe =7/2, odd;
Q¢ ,]=-1, Qa,] =1, Q¢,] =3, even.

2.6. Recursion operators for symmetries. Using the method described in Subsection 1.5, we found
two nontrivial solutions of the linearized equation in the f-extension enriched with nonlocal variables.
The first one is

Ol — _Q%Qng)% — 2¢)19G0 — (I)lﬂpo + 2©1Q%QG7%
- 2‘1’09% + GQFU(I)%CH - GQF(J(Dlé + 29¢1Q%QF0
+20@1QF1 — QFl P14+ Qg 1@;(]1 — Q¢ 1 (:[)1;
3 z 2 -2 2 -z T2
= QQOCD% + Q.
The operator corresponding to the first solution is
Agi = Dj — 280Dy — 20,

— (Y1 +Z1)Dyt o Fy = Z1 Dyt o Fy = Y3 Dyt o G_s = 2Y1 Dy ' o G

1
2

The second solution is given in [3].
Gradings. The operator Q! is even and its grading is 2

2.7. Recursion operators for generating functions. Using the method described in Subsection
1.6, we found three nontrivial solutions of the adjoint linearized equation in the ¢*-extension enriched
with nonlocal variables. The first one is

pl_ Qy Pz, +280Py + 0Py, +20Q3 Py, =49, Py + Py, + Pz, + Py.
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The operator corresponding to the first solution is
Ap1t = Dy + 280Dy — 49,
+ (Fo +2Go)Dy oY1+ G_1 Dyt oYy + FoDy' o Zy + F1 Dyt o Zs.

The second and third solutions are given in [3].
Gradings. The operator P! is even and its grading is 2.

2.8. Hamiltonian structures. Using the method described in Subsection 1.7, we found three non-
trivial solutions of the linearized equation in the ¢£*-extension enriched with nonlocal variables. The
first one is

H' = Pyy = P1®1 — 20, Py — 3% P\
The operator corresponding to the first solution is
A = Dy — 30,D2 — ®1 Dy — 29

This operator satisfies criteria (14) and (15) and thus is Hamiltonian. Moreover, there exists a conser-
vation law (corresponding to the nonlocal variable g3)

X = 9yd,
T = —281P; + ®g®3 — 9P P11 + 493 — 201 P51 + ®?,
2 2

such that our equation can be represented as

s 4).

and so (17) is also satisfied.
The second Hamiltonian structure is of the form

H? = —PZ%@%CH +PZ%<I>1% —PY%(P% +P4% —3P2%<I>% —3P1%<I>1%
+ 3P%¢>2_ — P%<I>2% — QQ%(P%Pyl — 203 — TP — 2<1>1Q%le
2 2
+ 9<I>1<I>%P0 —20,Py, — 901 P — @0@1]3% + 13<I>0<I>%P1 + 7<I>0<I>1épo
- 5CI)0P3 + 29(1)1Py3 + 49¢1Q%PYI + 29(1)%Q1Py1 - 26(1)1%PY1-
2
The corresponding operator is
Apz = Dy = 58¢Df — 301 Dj — 991D — 30,1 D + (130®1 — 7P2) Dj
+ (3@2% — ®y1 — PgP1) Do + (991 P + TP Py 1 — 2P3)
JrY%De_loZ% fZ%DQ_loY% 72Y1D9_10Z1 fQZlDe_1 oY].
The third solution is given in [3].

Gradings. The operator A is odd and of grading 5/2. The operator A= is also odd and of grading
9/2.

2.9. Symplectic structures. Using the method described in Subsection 1.8, we found three nontrivial
solutions of the adjoint linearized equation in the f-extension enriched with nonlocal variables. The
first one is

St =Qg, + Qp, — Q10¢
The operator corresponding to the first solution is

Agi = (Fy+Go)Dyt o Fy + G,%Dgl o Fy — F%Dgl oG_1 + FyD, " o Gy.

+0Q1Qr, + 09, .
2

_1
2

This operator satisfies criteria (18) and (19) and thus is symplectic.



THE N =1 SUPERSYMMETRIC KDV EQUATION 13

The second solution is of the form
5% = (3Qa, — 12Q6,®1 — 120k, — 1205, @1 +6Q;1 — 3Q30r,
— Q30 , +3Q1Q30r +3Q10p, a1 +12010¢_, P4
— 3Q%QG% - 6(I>1QG7% + GQOQ%QFO + 6<I>OQF% — 6<I>OQG7%q1
+ 6P + HQgQFO — 120@%QF2 — 129Q%QFO<I>% + 602, p,
+60P02r,q1 — 12GQF% 1+ GHQFg)/&

The corresponding operator is

1
Ag> = Dj + &g + (502 —2F,)Dyt o Fy

- 1 - -
72(F0+G0)D91oF2+§G%DaloF%+G_ Dy'oF

1
2

1
—2FD, ' o Gy + 5F()Q;l oGy —6F;Dy' oG

1
2
The third solution is given in [3].

Gradings. The operator Ag: is odd and of grading —1/2. The second operator is also odd and its
grading equals 3/2.

2.10. Interrelations. Using the symmetries computed in Subsection 2.2 and applying the recursion
operator obtained in Subsection 2.6, we get four infinite series of (generally, nonlocal) symmetries

ng_l, [YQk—ﬂ = (4]€ + 1)/2, Odd,
Y4k2—1 s [Y4k;1] =2k+1, even,
Zok—1, [Zok—1] = (4k +1)/2, odd,
Z%, [Z4k2—3] = 2]{1, even,

k=1,2,...
In a similar war, using the results of Subsections 2.3 and 2.7, we get four infinite series of generating
functions

Fop_o, [For—2] = 2k — 2, even,
Far_s, [F4k2—3] = (4k — 3)/2, odd,
Gy, [Gor] = 2k, even,
Gars, [G4k2—5] = (4k — 5)/2, odd,

k=1,2, ...
These series are related to each other (up to rational coefficients) by the operators of Subsections
2.6-2.9 in the following way:

A
Yor1 —— Yop41

A 1 A 1
H ASll / lAsl

Fyp— F: F
2h=2 5 2 T k2

A
Y- é Yiress
2 2

A 1 A 1
H Ale/ / J/ASI

F4k—3 R — F4k+1 —_— F4Ic+5
2 API 2 APl 2

AQl
Lojg—1 — Zok41

A] Al
" AJ/P

Gaop —— Gopgyo — Gapta
Apl Apl

A
Zak—3 *ﬂl> Z akt1
2 2

A 1 A 1
H Ale/ / J/ASI

Ga-s — yGar—1 — y Garys
2 Ap1 2 Ap1 2
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Remark 6. Actually, there exists another hierarchy of symmetries Sor, K =0, 1, ..., with the seeding
element

So = 6(—B3+ 30181 + 30D, 1)t + 2012 + 0D, + 30

(the scaling symmetry). All these symmetries are odd, linear with respect to z, ¢, and 6, and have
grading [Sox] = (4k + 3)/2.

3. CONCLUSION

The study of the N = 1 supersymmetric KdV equation exposed in this paper demonstrates the
power and efficiency of the geometrical methods elaborated in [1] and [4]. In particular, we found
recursion operators for symmetries and generating functions, Hamiltonian and symplectic structures,
constructed five infinite series of symmetries, one of which was not known before.

Our experience shows that the methods applied are of a universal nature and may be used to analyze
a lot of other equations, both classical and supersymmetric. In particular, from technical point of view,
the canonical representation of nonlocal operators (see Subsection 1.9) seems to be quite efficient and
convenient when dealing with such operators. Note that all nonlocal operators constructed in this
paper are represented in the canonical form.

We strongly believe that the majority of the problems formulated in [9] can be solved by our
methods. We plan to demonstrate this in forthcoming publications. Note in particular that the
nonlocal Hamiltonian structure indicated in [9] is inverse to our symplectic structure S?.
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