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Abstract. A simple method to check locality of symmetry hierarchies generated by
recursion operators is described.

Recursion operators for symmetries arising in studies of integrable systems usually
contain terms of the type Dx−1 , [3]. For example, for the classical KdV equation
ut = uxxx + uux
the recursion operator is of the form
2
1
R = Dx2 + u + ux Dx−1
3
3

(1)

while for the modiﬁed KdV
ut = uxxx + u2 ux
one has

2
2
R = Dx2 + u2 + uxDx−1 ◦ u.
(2)
3
3
Therefore, it is always a problem to prove whether the obtained hierarchies are local. We
know no simple methods to prove this fact in reasonable generality. The proof given in
[2] for the KdV, being undoubtedly quite beautiful, suggests no hints how to generalize
it to other equations.
Below, we describe a simple method to prove locality applicable, at least, for polynomial (x, t)-independent evolution equations possessing a scaling symmetry. Let E
ut = F (u, u1, . . . , uk )
be our equation, where, as usual, ui = ∂ i u/∂xi.

(3)

1. A general observation
Let a and b be two ‘quantities’ on E satisfying the equations
∗E (b) = 0

E (a) = 0,

and assume that the pairing b, a makes sense taking its values in n-cochains of some
horizontal de Rham complex. Then, by Green’s formula
Dt b, a = Dt b, a + b, Dt a = −∗F (b), a + b, F (a)
¯
¯
= b, −F (a) + b, F (a) + d(ω)
= d(ω),
(4)
i.e., Dt b, a is a cocycle.
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2. A particular case
Let us apply (4) to the case when a = S ∈ κ is a symmetry and b = G ∈ κ̂ is a
generating function. Then (4) reads
Dt G, S = Dx (TG,F ),

TG,F ∈ F (E ),

(5)

i.e., ωG,F = G, S dx + TG,F dt is a conservation law1. From this fact we obtain
Proposition 1. The operator Dx−1 ◦ G, applied to S, produces a local quantity if and
only if ωG,F is a trivial conservation laws.
Of course, in such a form the result looks rather tautological, but nevertheless, taking
in account additional considerations, one may reach the desirable result in some cases.
Recall [1] that if ω = X dx+T dt is a conservation law, then gω = E(X), where E is the
Euler operator, is called its generating function and satisﬁes the equation ∗E (gω ) = 0.
A conservation law is trivial if and only if gω = 0.
3. Examples
Let us consider three examples. In all three cases we make use of the fact that
the equations at hand are scaling-invariant and thus admit gradings. Consequently, all
objects under consideration (symmetries, generating functions, etc.) may be considered
homogeneous with respect to these gradings.
Example 1 (Burgers equation). Consider the equation
ut = uxx + uux.
It is known to possess the recursion operator
1
1
R = Dx + u + u1 Dx−1 .
2
2
This equation becomes homogeneous if we introduce the following gradings:

(6)

(7)

[x] = 1, [t] = 2, [u] = −1, [uk ] = −(k + 1).
Equation (6) possesses the only generating function equal to 1. Hence, by (5), E(S)
equals either 1 or 0 for any symmetry S of the Burgers equation, E being the Euler
operator.
Symmetries belonging to the classical (i.e., (x, t)-independent) hierarchy of (6) are of
the form
Sk = uk + terms of lower order, k = 1, 2, . . . ,
and hence [Sk ] = −(k + 1). Consequently, [E(Sk )] = [Sk ] − [u] = −k < 0. Therefore,
E(Sk ) = 0, i.e., all Sk are total derivatives. This means that the action of Dx−1 on the
classical hierarchy is well deﬁned.
Example 2 (KdV equation). The KdV equation becomes homogeneous if we assign
the following gradings:
[x] = 1, [t] = 3, [u] = −2, [uk ] = −(k + 2).
1This

observation belongs to P.H.M. Kersten.
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The symmetries of the classical hierarchy are of the form
Sk = u2k−1 + terms of lower order,

k = 1, 2, . . . ,

and hence [Sk ] = −(2k + 1). Consequently,
[E(Sk )] = [Sk ] − [u] = −(2k − 1).

(8)

On the other hand, generating functions of the KdV equation are
G0 = 1, Gk = u2k−2 + terms of lower order,

k = 1, 2, . . .

Therefore, [Gk ] = −2k, k = 0, 1, . . . Comparing these gradings with (8), we deduce
that, as in the previous example, E(Sk ) = 0 which means that the action of Dx−1 on the
classical hierarchy of symmetries produces local quantities.
Example 3 (mKdV equation). The mKdV equation becomes homogeneous if we assign
the following gradings:
[x] = 1, [t] = 3, [u] = −1, [uk ] = −(k + 1).
The symmetries of the classical hierarchy are of the form
Sk = u2k−1 + terms of lower order,

k = 1, 2, . . . ,

and hence [uSk ] = −(2k + 1). Consequently,
[E(uSk )] = [uSk ] − [u] = −2k.

(9)

Generating functions of the KdV equation are
G0 = 1, Gk = u2k−2 + terms of lower order,

k = 1, 2, . . .

and one has
[G0 ] = 0, [Gk ] = −(2k − 1),

k > 0.

Comparing these gradings with (9), we again see that uS is always a total derivative
and thus arrive to the ﬁnal result: the operator Dx−1 ◦ u produces local quantities when
acting on the classical mKdV hierarchy.
Remark 1. By yet unclear reasons all recursion operators (i.e., all operators found in
our computations with Paul Kersten) can be presented in the form

R = local part +
Sα Dx−1 ◦ Gα ,
α

where Gα are generating functions and Sα are symmetries (unfortunately, they may be
nonlocal, and in this case our method will not work).
Acknowledgments
The author is grateful to A. Verbovetsky and S. Igonin for discussions an ﬁnding a
severe mistake in the draft version.

4

I. KRASIL SHCHIK

References
[1] A. V. Bocharov, V. N. Chetverikov, S. V. Duzhin, N. G. Khor kova, I. S. Krasil shchik, A. V.
Samokhin, Yu. N. Torkhov, A. M. Verbovetsky, and A. M. Vinogradov, Symmetries and conservation laws for diﬀerential equations of mathematical physics, Monograph, Amer. Math. Soc., 1999.
[2] I. Dorfman, Dirac structures and integrability of nonlinear evolution equations. Nonlinear Science:
Theory and Applications. John Wiley & Sons, Ltd., Chichester, 1993. xii+176 pp.
[3] I. S. Krasil shchik and P. H. M. Kersten, Symmetries and recursion operators for classical and
supersymmetric diﬀerential equations, Kluwer, 2000.
Iosif Krasil shchik, The Diffiety Institute, Independent University of Moscow, Correspondence to: 1st Tverskoy-Yamskoy per. 14, Apt. 45, 125047 Moscow, Russia
E-mail address: josephk@diffiety.ac.ru

