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On one-parametric families of Backlund transformations

Joseph Krasil’shchik

ABSTRACT. In the context of the cohomological deformation theory, in-
finitesimal description of one-parametric families of Backlund transfor-
mations is given. It is shown that any family of such a kind evolves in
the direction of a nonlocal symmetry shadow in the sense of [10]. In ad-
dition, a formal family naturally corresponding to a shadow is described.

INTRODUCTION

The role of Béacklund transformations in constructing exact solutions of
nonlinear partial differential equations is well known, see [1] relevant refer-
ences therein, for example. A general scheme is illustrated by classical works
by Béacklund and Bianchi. Namely, for the sine-Gordon equation

Ugy = sinu (1)

Bécklund constructed a system of differential relations B(u,v; \) = 0 de-
pending on a real parameter A € R and satisfying the following property: if
u = u(x,y) is a solution of (1), then v is a solution of the same equation
and vice versa. Using this result, Bianchi showed that if a known solu-
tion ug is given and solutions wuj, ug satisfy the relations B(ug, u;; A;) = 0,
i = 1,2, then there exists a solution ujs which satisfies B(ug, ui2; A2) = 0,
B(ug,u12; A1) = 0 and is expressed in terms of ug, ui, ug in terms of rela-
tively simple equalities. This is the so-called Bianchi permutability theorem,
or nonlinear superposition principle. This scheme was successfully applied
to many other “integrable” equations.

Quite naturally, a general problem arises: given an arbitrary PDE &£, when
are we able to implement a similar construction? This question is closely
related to another problem of a great importance in the theory of integrable
systems, the problem of insertion of a nontrivial “spectral parameter” to
the initial equation. In this paper, we mainly deal with the first problem
referring the reader to the yet unpublished work by M. Marvan [I1], where
the second problem is analyzed.

Our approach to solution lies in the framework of the geometrical the-
ory of nonlinear PDE, and the first section of the paper contains a brief
introduction to this theory, including its nonlocal aspects (the theory of
coverings), see [7, 9, 10]. The second section deals with cohomological in-
variants of nonlinear PDE naturally associated to the equation structure.
Our main concern here is the relation between this cohomology theory and
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deformations of the structure [4, 5, 8]. In the third section, we give a ge-
ometrical definition of Backlund transformations and using cohomological
techniques prove the main result of the paper describing infinitesimal part
of one-parameter families of Backlund transformations. Finally, the last
section contains discussion of the results obtained as well as some problems
related to the topic of the paper.

1. EQUATIONS AND COVERINGS

Let us recall basic facts from the geometry of nonlinear PDE, [7, 9].

Consider a smooth manifold M, dim M = n, and a locally trivial smooth
vector bundle w: E — M. Denote by m: J¥(7) — M, k=0,1,...,00, the
corresponding bundles of jets. A differential equation of order k, k < oo,
in the bundle 7 is a smooth submanifold & C J*(r). To any equation £
there corresponds a series of its prolongations £° C J*+%(7) and the infinite
prolongation £° C J*° (7). We consider below formally integrable equations,
which means that all £° are smooth manifolds and the natural projection
Te = Moo|goo: £° — M is a smooth bundle. For any s > 0 there also exist
natural bundles

TE s

goo gs TE,s,5—1 5571 TE s—1 M (2)

whose composition equals 7¢.

The space J*®(7) is endowed with an integrable distribution' denoted by
CD(m). Namely, any point § € J°°(x) is, by definition, represented in the
form [f]2°, © = mo(f) € M, where f is a (local) section of 7 such that

the graph M7° of its infinite jet passes through ¢ while [f15° is the class of
(local) sections f satisfying the condition

M7 is tangent to M7° at ¢ with infinite order.

Then the tangent plane TQM})O is independent of the choice of f and we set
CD(m)g = ToM3°. The distribution CD() is n-dimensional and is called
the Cartan distribution on J°(m). Since, by construction, all planes of the
Cartan distribution are horizontal (with respect to 7, ) and n-dimensional, a
connection C: D(M) — D(m) is determined, where D(M) and D(7) denote
the modules of vector fields on M and J°°(7) respectively. This connection
is flat and is called the Cartan connection.

Remark 1. In fact, the bundle 7., possesses a stronger structure than just a
flat connection. Namely, for any vector bundles ¢ and 7 over M and a linear
differential operator A acting from £ to 7, a linear differential operator CA
acting from the pullback 7 (&) to T (n) is defined in a natural way. The
correspondence A +— CA is linear, preserves composition, and the Cartan
connection is its particular case.

Both the Cartan distribution and the Cartan connection are restricted to
the spaces £°° and bundles ¢ respectively. The corresponding objects are
denoted by CD(€) and C = C¢: D(M) — D(E), where D(E) is the module
of vector fields on £°°. The characteristic property of the Cartan distri-
bution CD(E) on £%° is that its maximal integral manifolds are solutions

ntegrability in this context means that CD(w) satisfies the Frobenius condition:

[CD(w),CD(w)] C CD(mw).
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of the equation £ and vice versa. The connection form Ug € D(AL(E)) of
the connection Cg is called the structural element of the equation £. Here
D(AY()) denotes the module of derivations C*(£%°) — A'(£°°) with the
values in the module of one-forms on £*°.

Denote by D¢ (€) the module

De(€) = { X € D(&) | [X,CD(E)] € CD(E) }.

Then D¢ (&) is a Lie algebra with respect to commutator of vector fields
and due to integrability of the Cartan distribution CD(E) is its ideal. The
quotient Lie algebra sym & = D¢(€)/CD(E) is called the algebra of (higher)
symmetries of the equation £. Denote by DV(E) the module of mg-vertical
vector fields on £>°. Then in any coset X mod CD(E) € sym & there exists
a unique vertical element and this element is called a (higher) symmetry of

£.

Remark 2. It may so happen that a coset X mod CD(E) contains a repre-
sentative X’ which is projectible to a vector field X, on £° by mg s for some
s < 00 (see (2)). Then it can be shown that X' is projectible to all £*
and (mg s,5-1)+X. = X! ;. In this case, X’ is called a classical (infinites-
imal) symmetry of € an possesses trajectories in £*°. The corresponding
diffeomorphisms preserve solutions of £ and are called finite symmetries.

We now pass to a generalization of the above described geometrical theory,
the theory of coverings [10]. Let 7: W — &£ be a smooth fiber bundle,
the manifold W being equipped with an integrable distribution CD, (W) =
CD(W) C D(W) of dimension n = dim M. Then 7 is called a covering over
& (or over £%), if for any point 6§ € W one has 7.(CD(W)g) = CD(E)(s)-
Equivalently, a covering structure in the bundle 7 is determined by a flat
connection C,: D(M) — D(W) satisfying 7, 0C, = Ce. Let U, € D(AY(W))
be the corresponding connection form. We call it the structural element of
the covering 7.

Example 1 (see [14]). Let & C J*() be an equation. Consider the tangent
bundle TE> — £°° and the subbundle 7g: Tme — £°°, where Tm¢ consists
of me-vertical vectors. Hence, the module of sections for 7¢ consists of mg-
vertical vector fields on £°°.

Then 7g carries a natural covering structure. Namely, for any vector field
X € D(M) and a vertical vector field Y we set [Cr+(X), Y] = [Ce(X), Y] Us,
where Ug is the structural element of the equation £. It is easily seen that the
connection C,v is well defined in such a way and projects to the connection

Ce.

Given two coverings 7;: W; — £, i = 1, 2, we say that a smooth mapping
F: Wy — Wy is a morphism of 7 to 7o, if
(i) F is a morphism of fiber bundles,
(ii) Fy takes the distribution CD, (W1) to CD,,(W3) (equivalently, F o
Cr, =Cyy).
A morphism F is said to be an equivalence, if it is a diffeomorphism.
Similar to the case of infinitely prolonged equations, we can define the Lie
algebra D¢ (W) such that CD, (W) is it its ideal and introduce the algebra of
nonlocal T-symmetries as the quotient sym_& = D¢, (W)/CD-(W). Again,
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in any coset X mod C;D(W) € sym, £ there exists a unique 7g o T-vertical
representative and it is called a nonlocal T-symmetry of the equation £.

Obviously, one can introduce the notion of a covering over covering, etc. In
particular, the subbundle 7%: T%mg — £ of mg o T-vertical vectors (cf. Ex-
ample 1) is a covering over £ while the intermediate projection 7¥: 77 — W
is a covering over W. Note also that the correspondence 7 = 7% determines
a covariant functor in the category of coverings.

We shall now reinterpret the concepts of a symmetry and nonlocal sym-
metry using the results of [14]. Namely, one has

Proposition 1. Let £ be an equation and 7: W — E°° be a covering over

it. Then:

1. There is a one-to-one correspondence between symmetries of £ and
sections @: £ — TYmg of the bundle g: T'nE — E°° such that o,
takes the Cartan distribution on £°° to that on T 7g.

2. There is a one-to-one correspondence between nonlocal T-symmetries
of €& and sections v of the bundle (rg oT)V: T (wgoT) — W such that
Yy takes the Cartan distribution on W to that on TVT.

Let us say that a mapping s: W — TV7w¢ is a 7-shadow of a nonlocal
symmetry (cf. [10]), if 74 o s = 7 and s, preserves the Cartan distribution.

Proposition 2 (The shadow reconstruction theorem). For any coveringt: W —
E>® and a T-shadow s: W — T"rg there exists a covering 7': W' — W and
a nonlocal T o T'-symmetry s': W' — TV(wg o 7 o 7') such that the diagram

Tme <—(TOT ). T'(mrgoToT)

™ l X (ﬂgomr/)vl L/ (3)

0 T ' /
M & w w
is commutative. In other words, any shadow can be reconstructed up to a
nonlocal symmetry in some new covering.

TE

Proof. Consider the following commutative digram:

TVrg ——T%(romg) — T (P oT0mg) e - - -

w;f[ \ l(rom & MT%TON

M E>® w T'r T 7Y

e T v (rv)?

and let us set 7o =7, T4 =717, Wo =W, W =T7;, 5o =S, Sit1 = (Si)«,
where s, = ds. Then the above diagram is infinitely continued to the letf,
while by setting 7, = 71 o --- o 7; passing to the inverse limit, we obtain
Diagram 3 with 7/ = 7o, 8’ = 500, and W' = W. O

2. C-COMPLEX AND DEFORMATIONS

We now pass to describe a cohomological theory naturally related to cov-
ering structures and supplying their important invariants, cf. [5].

Let W be a smooth manifold and D(AY(W)) denote the C°°(W)-module
of Ai(W)-valued derivations C*°(W) — A*(W). For any element 2 € A*(W)
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one can define the inner product operation
iq: MN(W) — A1 W),
also denoted by Q _ip, p € A*(W), and the Lie derivative along )
Lo = [ig, d]: N(W) — A™(W),

where [d, iq] denotes the graded commutator.
Then for any two elements 2,0 € D(A*(W)) we can introduce their
Frolicher—Nijenhuis bracket by setting

[2,0](f) = La(O(/)) — (=1)7 Le(()),
where f € C°°(W) and i, j are degrees of {2 and © respectively?.

Remark 3. In the sequel, we shall also need the following facts.

1. In the case, when W is a finite-dimensional manifold, one has an
isomorphism D(A*(W)) ~ A*(W) ® D(W) and thus any derivation
€ D(A*(WW)) is representable as a finite sum of elements of the form

D=we X, (4)

where w € A*(W) and X € D(W). For an arbitrary W, an embedding
AN (W) ® D(W) C D(A*(W)) is defined by (w® X)f = X (f)w.
2. For elements of the form (4), one has

(@& X)p=wA (X Lp),
Lugxp=wA Lxp+ (=1)'dw A (X p)

and

[ X, 00Y]=wAlR X, Y] +wAL(0) @Y + (—1)'do A (X L0) @Y

— (-0 A Ly(w) ® X — (=) DIdo A (Y Lw) ® X,
where X, Y € D(W), w € A (W), 6 € AV (W).
3. Note also that another two operations are defined on elements of the

module € D(A*(W)): we can multiply elements of D(A*(W)) by
forms p € A*(W) and for Q@ = w ® X one has pAQ = (pAw)® X.

In addition, we can insert elements of D(A*(W)) into each other; in
representation (4) this operation is represented as

(w®X)4(«9®Y) :w/\(X449)®Y.
The basic properties of the above introduced operations are formulated
in
Proposition 3 (see [1]). Let Q € D(AY(W)), © € D(A(W)), p € AF(W),
and n € A (W). Then:
(i) ia(p An) =ia(p) An+ (=1)DRp Adg(n);
(i) in(p A ©) = in(p) A © + (~1)~Dhp A ig(©);
(iii) [iq,ie] = i[o,ep™, where
[, 0]™ = ig® — (—1)~DE=Di60
is the Richardson—Nijenhuis bracket of 2 and ©;

#We say that 4 is the degree of €, if @ € D(AY(W)).
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)
)
(vi) [La,d] = 0;
(vii) [La, Le] = Lig.e];
(viit) [2,0] + (—-1)F[O,0] =0;
(ix) [2,[©,E]] = [I2, ©], E]] +(=1)% [, [0, Z]], where = € D(A™(W));
(%) [La.ie] = ije) — (—1)"UHDLe_g;
)

EL[0,0]=[E.9,0] + (-1, 2 0]+ (-1)/[F,9Q] .6

— (=)=, 0] L Q;

(xii) [2,pA O] = (Lap) A© — (=1)0HDERdp A igQ + (—1)%p A [0, O]
In particular, from Proposition 3 (ix) it follows that for Q € D(AY(W))

satisfying the integrability property

[©2,Q] =0 (5)
the mapping
9o = [2, ]: D(A'(W)) — DA™ (W))
is a differential, i.e., dg o dq = 0, and thus we obtain the complex
0= D(W) = - = D(A'(W)) 2 DA (W) = - (6)
Assume now that the manifold W is fibered by £: W — M and a connec-
tion V is given in the bundle &. Then the following fact is valid:
Proposition 4 (cf. [3]).
[Uv,Uv] = 2Ry,
where Uy 1is the connection form and Ry is the curvature.

Consequently, if V is a flat connection, i.e., Ry = 0, then 2 = Uy enjoys
the integrability property (5) and to any flat connection a complex of the
form (6) corresponds. In this case, we shall use the notation dg = Oy .

Now, we pass to the case of our main interest: let £ be the composition
W Dex 5 M , T being a covering over £, and V be the Cartan connection
C. associated to the covering structure. We include in consideration the
case W = £, 7 =id, and C; = Cg. Let us restrict complex (6) to vertical
derivations, i.e., to derivations

DU(A'(W)) ={Q € D(A'(W)) | Q(f) =0,Yf € C%(M) }.

By construction, U, (or Ug) lies in D?(AY(W)) (resp., in DV(AL(£))), while
from the definition of the Frolicher—Nijenhuis bracket it follows that the
differential in (6) preserves vertical derivations. The vertical part of (6) will
be denoted by

0— D"(W) = -+ — DY(N(W)) <5 DA (W) — oo (7)
0= D"(€) = -+- = DU(N(E) 25 DA (E) =, (8)

when the equation is considered as is. The cohomology of (7) (resp., of (8))
is denoted by H¢(E;7) (resp., by He(€)) and is called the C-cohomology of
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the covering 7 (resp., of the equation &£). The following fundamental result
is valid:

Theorem 1 (cf. [5]). Let &€ C J*(n) be a formally integrable equation and
7: W — £ be a covering over £. Then:

1. The module Hg(g; T) is isomorphic to the Lie algebra sym._E of non-
local T-symmetries (resp., H3(E; ) is isomorphic to sym&).

2. The module Hcl(g; T) is identified with equivalence classes of nontrivial
infinitesimal deformations of the covering structure U, (resp., of the
equation structure Ug).

3. The module Hg(g; T) consists of obstructions to prolongation of infin-
itestmal deformations up to formal ones.

Let us now consider the mapping Ly : AY(W) — A™(W) and denote it
by d,. Since the element U, is integrable, one has the identity d, o d, = 0.
We call d, the vertical, or Cartan differential associated to the covering
structure. Due to Proposition 3 (vi), [d, d,] = 0 and consequently the map-
ping dj, = d — d, is also a differential and [dp, d,] = 0. The differential dj, is
called the horizontal differential, while the pair (dp, d,) forms a bicomplex
with the total differential d. The corresponding spectral sequence coincides
with the Vinogradov C-spectral sequence for the covering 7, [15].

Denote by A} (W) the submodule in AY(W) spanned by imd), and by
C'A(W) the submodule generated by im d,,. Then the direct sum decompo-
sition A1 (W) = A} (W) & CAY(W) takes place and generates the decompo-
sition

NW)= @ cPAW) @ AL(W) = €D AP4W),
ptq=i ptq=i

where

CPAW) = CIA(W) A ... ACTA(W),  AJ(W) = A (W) AL AAL(W).

v
~~ ~~

p times q times

Then d,: APYW) — APTLU(W), dy: AP9(W) — AP4TL(TV) and, moreover,
as it follows from Proposition 3 (xi), 0, : D*(AP4(W)) — DY(APITH(W)).

Remark 4. The complex (A] (W), dp,) is called the horizontal complex of the
covering 7, while its cohomology is the horizontal cohomology of 7. It is
worth to note that dj, in this case is obtained from the de Rham differential
on the manifold M by applying the operation C = C; (see Remark 1). From
Proposition 3 (xii) it follows that the C-cohomology of 7 is a graded module
over the graded algebra of horizontal cohomology.

3. BACKLUND TRANSFORMATIONS AND THE MAIN RESULT

Following [10], let us give a geometric definition of Bécklund transfor-
mations. Let & C J*(m), i = 1,2, be two differential equations and
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Ti: W — &£ be coverings with the same total space W. Then the dia-

gram
W
VN
Er° E5°

is called a Bdacklund transformation between the equations £7° and £5°. We
say that it is a Bdcklund autotransformation, if £7° = £5° = £°°. Below we
confine ourselves with autotransformations only.

Let B = (W, 11,2, &) be a Backlund autotransformation. A point w € W
is called 71 -generic, if the plane of the distribution C,, D(W) passing through
w has a trivial intersection with the tangent plane at w to the fiber of m
passing through the same point. Now, if s C £ is a solution of £ and
T 1(s) contains a 7y-generic point, then there exists a neighborhood U of this
point such that 7o(U N 77 !(s)) is fibered by solutions of £. Thus, Bicklund
transformations really determine a correspondence between solutions.

The property of a Béacklund transformation to be generic is naturally
reformulated in global terms of structural elements. Let U; = U;, be the
structural element of the covering 7;. Then U; may be understood as a linear
mapping U;: D(W) — D(W), X — X _U;. Moreover, U; is a projector,
i.e., U; o U; = id, and thus gives the splitting

D(W) =kerU; @ imU; = C,,D(W) @ D" (W),

where D¢ (W) is the module of 7;-vertical vector fields on W. Let us denote
by

U271 = U2|D”71(W) : Dv’l(W) — DU’Q(W)

the restriction of Uy to D1 (W). Then B is globally T1-generic, if Us; is a
monomorphism. It is generic in a strong sense, if Us 1 is an isomorphism.

The following construction is equivalent to the definition of Béacklund
transformations. Let 7;: W; — £°°, ¢ = 1,2, be two coverings and F': W} —
W3 be a diffeomorphism taking the distribution C, D(W) to C., D(W). Then
B = (W, 11, m0F, ) is a Backlund transformations and any Bécklund trans-
formations is formally obtained in such a way.

Remark 5. Tt is important to stress here that if F' is an isomorphism of
coverings, then the Backlund transformation obtained in such a way is trivial
in the sense of its action on solutions. Thus, we are interested in mappings
F such that they are isomorphisms of manifolds with distributions, but not
morphisms of coverings.

Assume now that a smooth family F): W1 — W5 is given, Then it gener-
ates the corresponding family B) of Backlund transformations. Our aim is
to describe such families in sufficiently efficient terms. One way to construct
these objects is given by the following

Example 2 (see [10]). Consider an equation £, a covering 7: W — £°° over
it, and a finite symmetry A: £ — £°°. Let A: W — W be a diffeomorphic
lifting of A to W such that

ToA=Aor. (9)
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Denote by A,.C.D(W) the image of the distribution C; D(W) under A. Then,
by obvious reasons, A,C;D(W) determines a covering structure Udin W

and if A is another lifting of A, then the structures UA and UA are equiva-
lent. Thus, By = (W, 7, Ao 7,&) is a Bicklund transformation for £.

Let X be a classical infinitesimal symmetry of £ and Ay = exp(AX): £ —
£ the corresponding one-parameter group of transformations lifted to
£°°. Then, using the above construction, we obtain A-parameter family
of Backlund transformations By = Ba, .

Remark 6. Note that since the symmetry X generating the family By above
cannot be lifted as a symmetry of W (i.e., as a nonlocal 7-symmetry), it is
a shadow in the covering 7, as well as in all coverings 7, = A) o T.

In fact, the families of Backlund transformations obtained in the previ-
ous example are in a sense “counterfeit”, since, due to (9), their action on
solutions reduces to the action of symmetries Ay. To get a “real” Backlund
transformation, one needs to add into considerations an additional mapping
F: W — W preserving the Cartan distribution on W but violating (9).
Nevertheless, as it will be shown below, the construction of Example 2 is of
almost general nature. Toward this end, let us do the following.

Let us denote by

DI(A'(W)) ={Q e D"(A'(W)) | Q(f) = 0Vf € CF(EX) }
the module of m-vertical derivations.

Lemma 1. The modules DI(A*(W)) are invariant with respect to the dif-
ferential O;:

9-(DI(A'(W))) C DI(ATH(W)).

Proof. Let Q € DI(AY(W)) and f € C*°(E*). Then due to the definition of
the Frolicher—Nijenhuis bracket one has

(0-(V)(f) = [Ur, A(f) = Lu, () — (1) Lo (UL ().

The first summand vanishes, since Q@ € D9(AY(W)). On the other hand,
U;(f) = Ug(f) and consequently is a one-form on £*°. Hence, the second
summand vanishes as well. O

Denote by 9,: DI(AY(W)) — DI(A*"1(W)) the restriction of 9, to DI(A(W))
and by

ds: D*(AY(W)) — D*(A™H(W))
the corresponding quotient complex, where, by definition,

D*(AY(W)) = D¥(A'(W))/DI(A'(W)).
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Then the short exact sequence of complexes

0 — DY (W) 2 DAY (W) — ... — DA (A(W)) 25 D (A (W) —
0 0 0 0
is defined.

Denote by H;(E; 7) and H!(&;7) the cohomology of the top and bottom
lines respectively. Then one has the long exact cohomology sequence

0 — HY(E ) — HE ) — HYE ™) L HYE; 7) — HY(E;7) — HYE; 7) —
o HI(E7) = HA(E;7) — HAET) — -, (10)

where ¢ is the connecting homomorphism.
Similar to Theorem 1, we have the following result:

Proposition 5. In the situation above one has:

1. The module Hg(E; T) consists of “gauge” symmetries in the covering
T, i.e., of nonlocal T-symmetries vertical with respect to the projection
T.

2. The module HY(E; T) coincides with the set of T-shadows in the covering
T.

3. The module H;(E; T) consists of equivalence classes of deformations of
the covering structure U, acting trivially on the equation structure Ug.

Now, combining the last result with exact sequence (10), we obtain the
following fundamental theorem:

Theorem 2. Let B = (W, 1,7\, &) be a smooth family® of Béicklund trans-
formations such that 7o = 7. Then U, is of the form

U, = U, + AU, X]+0(\?), (11)
where X is a T-shadow, i.e., all smooth families corresponding to the cover-

ing T are identified with im ;.

Proof. In fact, let By be a family under considerations. Then 7, is a de-
formation of 7. Since we work with deformations which leave the equation
structure unchanged, then, by Proposition 5, their infinitesimal parts are
elements of H;(€;7). Let Q be such an element.

3We say that a family is smooth, if the family U, is smooth in D”(A(W)).
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Now, by Remark 5, the deformation we are dealing with is to be trivial as a
deformation of W endowed with the structure U,.. On the infinitesimal level,
this mean that the image of Q in H'(&;7) should vanish. But by exactness
of (10) we see that = ¢(X) for some X € HY(E; 7). It now suffices to note
that by construction of the connecting homomorphism, ¢(X) = [U,, X]. O

Denote by B(7) the “manifold” of all Backlund transformations obtained
from the covering 7 by the above described way. Then from exactness of
(10) it follows that the tangent plane to B(7) at 7 is identified with the space
shad, € /sym,.£, where shad.& = HO(E; 7) is the space of all 7-shadows. Fi-
nally, the space sym, € = sym.. £/ sym? £ is the quotient of all T-symmetries
over gauge ones. In particular, if a covering 7 is such that any 7-shadow can
be reconstructed up to a nonlocal 7-symmetry, then 7 cannot be included
in a nontrivial family of Backlund transformations.

Example 3 (Universal Abelian covering). An example of a covering of the
above mentioned type is given by the following construction. It is known
[2, 10] that to any horizontal 1-cocycle there corresponds a one-dimensional
covering and cohomologous cocycles determine equivalent coverings.

Let € be an equation and [wi], ..., [w,],... be a basis in H}(€) consider
the Whitney product of coverings corresponding to all classes [w;] and denote
it by a;: 2y — £°°. For thus obtained object, let us repeat the construction
and consider the covering as: A9 — Ay, etc. Thus we obtain the infinite
sequence

a a a
’_>le—m_>2lmfl_>”'_>gl2_2>2ll_l>goov

and the inverse limit a: 2 — £°° which is called the universal Abelian cov-
ering of £.

Theorem 3 ([2]). Any a-shadow can be reconstructed up to a nonlocal a-
symmetry.

4. CONCLUDING REMARKS

We conclude the above discussion with a number of remarks of various
nature.

4.1. Béacklund transformations and recursion operators. As it was
shown in [14], a recursion operator for symmetries of an equation £ may be
understood as a Bicklund transformation of the form R = (Wg, p1, p2, T"7¢),
where 7g: Tmg — £°° is the covering from Example 1. Let now B =
(W, 1,12, &) be an arbitrary Backlund transformation of equation £. Then,
using the fact that 7" is a functor (see Section 1), we obtain the commutative
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diagram
W
(Tf)*(Ti”)/ ; \ﬂ;ﬁ*w)
1 T
Ny -
Tme Tme

| A \l

where 7 = 7 @ 73 is the Whltney product. Thus
TB = (W, ri.0 (1])*(73), 7o 0 (1) (1), T"me)
is a recursion operator and we obtain

Proposition 6. Any Bdcklund autotransformation of an equation £ gener-
ates a recursion operator for symmetries of this equation.

4.2. Backlund transformations and symmetries. The following con-
struction belongs to M. Marvan [13]. Let B = (W, 7, u, &) be a Bécklund
transformation. Then one may construct the following commutative dia-
gram

Ti+3 Ti+4+2 Ti4+1 T2 T1
T W TR W 1% W,

lmm luiﬂ lul luo

Ti+2 Ti+1 Ti T1 W 70 £
0

— Wi Wi

where 7o = 7, po = p, Tip1 = 4 (7), pit1 = 7,7 (1), and Wiy is the total
space of the Whitney product of 7; and p;. Passing to the inverse limit, we
obtain the mapping piso: Woo — W, which is a finite symmetry of W

Let now By = (W, 7,7, &) be a smooth family of Bécklund transfor-
mations. Then, by the above construction, we obtain a smooth family of
finite symmetries 7y o : Woo — Wxo. Let us set Xoo = d7y 00/dA|x=0. Then
Xoo € sym, W

Conjecture. The shadow X determining the infinitesimal deformation cor-
responding to the family B) is the shadow of X, i.e., Xl = X.

4.3. Formal deformations. Let X be a 7-shadow and U, + A[U,, X] be
the corresponding infinitesimal deformation of the covering structure. In
general, a possibility to continue this deformation up to a formal one is
related to triviality of the group Hg(é’ ;7), cf. Theorem 1. Nevertheless, in
the particular case under consideration there always exists such a formal
continuation.
Let U € D(AY(W)) and X € D(W). Consider the formal series
7

N
e’\XU:U+)\adXU+---+?adZXU+~--, (12)
where adx = [+, X].
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Lemma 2. One has
di
d\t
for any U and X of the above form.

Proof. Let us first note that by definition, d(e*XU)/d\ = ady e**XU. Then,
using Proposition 3 (ix), one gets

d" Xy X _ AN Ay A7 x
W[[C U, e U]] = EO j [[WC U, d)\i*je U]]
J:

[AMU, U] = ad [MU, U]

= <;> [[adg( MU, adé;j AU = adly [eMU, U]
j=0

0

Corollary 1. Ifin (12) U = U, is the structural element of a covering T,
then [eAXU,, XU, ] =0, i.e., XU, is a formal deformation of U,.

Proof. In fact, to prove the result it suffices to show that

di
— MU MU =0
dX A=0
for all ¢ > 0. But by Lemma 2 one has
MU, U] - (adi [*¥Us, X011 ‘)\:0
— adi; ([[e)‘X U,, XU, A_0) = ad [U,, U,] =0,
since the element U, is integrable. U

4.4. Some problems. To conclude, I would like to state some problems
related to the text above.

Problem 1. Having a rather explicit description for smooth families of
Béacklund transformations, it seems realistic now to prove the permutability
theorem in general case.

Problem 2. Of course, formal deformations of the form (12) do not exhaust
all possible deformations of the initial structure. Does there exist an efficient
description for other formal deformations?

Problem 3. What are the conditions for convergency of (12)7

Problem 4. Probably, a realistic way to solve Problems 2 and 3 lies in
constructing a geometrical theory of differential equations with a parameter.
In fact, a formal deformation is nothing else but an infinite jet of some
quantity with respect to a parameter. Thus, such a theory allows one to
put the theory of deformation in a well-posed framework of geometrical and
algebraic theory of PDE and apply all tools of the latter.
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Problem 5. Finally, recall the following construction. Let 7): W) — £
be a smooth family of coverings with unremovable parameter A [11]. Then
coordinates w, along the fibers of 7, (nonlocal variables), due to the covering
structure, satisfy a first-order system of differential equations

g—;: = Fi(X7 u, w; )‘)7 (13)
where w = (w!,w?,...), x = (x1,...,x,) are local coordinates in M (inde-

pendent variables), and u are internal coordinates in £ (unknown functions
and their partial derivatives). Assuming dependency of w on A\ and expand-
ing both sides of (13) in formal series in A, we obtain an infinite system
of equations on coefficients of this expansion. This system determines an
infinite-dimensional covering over £. In some cases, an infinite system of el-
ements in H} is associated to this covering (in the case n = 2 these elements
are identified with — generally speaking, nonlocal — conservation laws of
E.

At least, two questions arise:

1. How to implement a purely geometric version of this construction? It
is reasonable to hope that the answer lies in solving Problem 4.

2. As it follows from the above said, the construction does not need a
smooth family of covering, but a formal family only. Consequently, one
can apply the construction to the canonical expansion (12) associated
to a shadow X. Thus, to any covering 7 and a 7-shadow X we can
put into correspondence, in a natural way, a new infinite-dimensional
covering. What is an explicit description of the latter?

Conjecture. This covering coincides with the one constructed in Propo-
sition 2.

Another question: if a series of conservation laws corresponds to this
covering, how to describe this series in terms of the initial covering 7
and the shadow X7

ACKNOWLEDGMENTS

It is my pleasant obligation to express deep gratitude to Michal Marvan
for a long and fruitful collaboration in nonlocal aspects of PDE geometry.

REFERENCES

[1] R. K. Dodd, J. C. Eilbeck, J. D. Gibbons, and H. C. Morris. Solitons and Nonlinear
Wave Equations. Academic Press, 1982.

[2] N. G. Khor'kova. Conservation laws and nonlocal symmetries. Mat. Zametki, 44
(1988) no. 1, 134-144.

[3] I.S. Krasil’shchik. Algebras with flat connections and symmetries of differential equa-
tions. In Lie groups and Lie algebras, pp. 407-424. Kluwer Acad. Publ., Dordrecht,
1998.

[4] 1. S. Krasil’shchik. Cohomology background in geometry of PDE. In: Secondary cal-
culus and cohomological physics (Moscow, 1997), Contemporary Math. 219, 121-139,
Amer. Math. Soc., Providence, RI, 1998,

[5] I.S. Krasil’shchik. Some new cohomological invariants for nonlinear differential equa-
tions. Differential Geom. Appl., 2 (1992) no. 4, 307-350.



On one-parametric families of Backlund transformations 15

[6] I. S. Krasil’shchik. Notes on coverings and Bécklund transformations. Preprint of the
Erwin Schroedinger International Inst. for Math. Phys. 1995, no. 260, Wien, 15 pp.
http://wuw.esi.ac.at/ESI-Preprints.htm

[7] 1. S. Krasil’shchik, V. V. Lychagin, and A. M. Vinogradov, Geometry of Jet Spaces
and Nonlinear Partial Differential Equations, Gordon and Breach, New York, 1986.

[8] 1. S. Krasil’shchik and A. M. Verbovetsky. Homological methods in equations of math-
ematical physics. Open Education and Sciences, Opava, 1998.

[9] A.V.Bocharov, V. N. Chetverikov, S. V. Duzhin, N. G. Khor’kova, I. S. Krasil'shchik,
A. V. Samokhin, Yu. N. Torkhov, A. M. Verbovetsky, and A. M. Vinogradov, Sym-
metries and Conservation Laws for Differential Equations of Mathematical Physics.
American Mathematical Society, Providence, RI, 1999. Edited and with a preface
by Krasil’shchik and Vinogradov, Translated from the 1997 Russian original by Ver-
bovetsky and Krasil’shchik.

[10] 1. S. Krasil’shchik and A. M. Vinogradov. Nonlocal trends in the geometry of differ-
ential equations: symmetries, conservation laws, and Bécklund transformations. Acta
Appl. Math., 15 (1989) no. 1-2, 161-209.

[11] M. Marvan. On removability of the spectral parameter. Unpublished, 1999.

[12] M. Marvan. Some local properties of Backlund transformations, Acta Appl. Math. 54
(1998) 1-25.

[13] M. Marvan. Private communication.

[14] M. Marvan. Another look on recursion operators. In: Differential geometry and ap-
plications (Brno, 1995), pp. 393-402. Masaryk Univ., Brno, 1996.

[15] A. M. Vinogradov. The C-spectral sequence, Lagrangian formalism, and conservation
laws. I. The linear theory. II. The nonlinear theory, J. Math. Anal. Appl. 100 (1984),
1-129.

THE DIFFIETY INSTITUTE, INDEPENDENT UNIVERSITY OF MOSCOW
CORRESPONDENCE TO: 1ST TVERSKOY-YAMSKOY PER. 14, ApT. 45, 125047 Moscow,
Russia

E-mail address: josephk@online.ru



	Equations and coverings
	C-complex and deformations
	Bäcklund transformations and the main result
	Concluding remarks
	Bäcklund transformations and recursion operators
	Bäcklund transformations and symmetries
	Formal deformations
	Some problems


